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Roadmap

- Quantum Chaos and Random Matrix Theory (RMT)
« Classical vs Quantum Chaos
«  Properties of matrices produced by different stochastic models
« Connect with theoretical physical model and real experiments

. Quantum Process Tomography (QPT)
« Retrieval protocol to model the dynamics of a quantum system
« Uses measurement data, Pauli expectation values.
* New protocol, easily optimised with gradient-based methods.

- Results
«  Model quantum circuit as quantum maﬁs. Retrieve with QPT.

- Tunable platform, different circuits -> Chaotic/Regular, Open/closed

« Spectral support of parameterized quantum circuits
is captured by diluted unitaries

« We are able to resolve higher order spectral statistics, like complex spacing ratio,
with our methods. We are able to engineer integrable openness in circuits, and
detect this. However, for deep circuits, the it transitions to chaos
because of latent noise
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Chaos enters QM somewhere other
than on the levels of amplitudes.
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. Classical Chaos - N
Initial perturbation ->
large evolved deviation
: Y9
« Quantum Mechanics is a ?(X Q L=ty L= ﬁk
linear theory. Perturbations ’

in the wavefunction stay small %ﬂ/\\\-
during evolution.

- Classical phenomenon A _ A _
. y final(t) y final(t)
emerge from quantum mechanics? °
Chaos enters QM somewhere other
than on the levels of amplitudes. 40
- Many quantum systems have classical o > =0 -

X X

Ilm ItS Classical particle quantum particle



Spectral Chaos

One way to determine
guantum chaos is to look
at spectral properties.



Spectral Chaos
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«  One way to determine :
guantum chaos is to look 1.51 eV n=3
at spectral properties. . .
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Quantum systems whose classical equivalent
is chaotic exhibit energy level spacings
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Spectral Chaos

8%2 g\\j ionisation :Zg
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«  One way to determine 085 eV =3 4
guantum chaos is to look 151 ev n=3
at spectral properties. . .

Energy (eV) quantum numbers

+ Bohigas—Giannoni—=Schmit conjecture:
Quantum systems whose classical equivalent
is chaotic exhibit energy level spacings
that follow Wigner-Dyson distributions. il

ground level —

—

H(e) — Sp = En+1 il En o3 I)WD(S)

* Not all guantum systems have

classical equivalents. The tools Neutron

Proton

of guantum chaos are still available!
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Random Matrix Theory investigate
(spectral) properties of stochastically
generated matrices.

In general, a spectrum {A } of a matrix H

relates to its elements in a very complicated way.
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Random Matrix Theory

* Random Matrix Theory investigate
(spectral) properties of stochastically det (H )‘[) 0
generated matrices. 1
Gii ~ N0, —

* Ingeneral, a spectrum {A } of a matrix H
relates to its elements in a very complicated way.
= _ EF G*
* Remarkably, can be computed analytically N V2
when the elements follow different
stochastic models. In particular, _1x
the Gaussian Orthonogal Ensemble (GOE). Pl pda) = H e — 2 |H o

z<]



Random Matrix Theory — Energy Spacing

* With a joint probability for the eigenvalues 1 1,2
of a GOE system, the energy spacings can Py, An) = T H [Ai = A H“ 15dA;
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Random Matrix Theory — Energy Spacing

* With a joint probability for the eigenvalues 1 _1,2
of a GOE system, the energy spacings can P X001 = T 11D =l He e
J

be computed 1< -

2
Sn = )‘n—l—l - )\n o 58(3

™
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* Wiger-Dyson exhibit distinct eigenvalue
repulsion, opposed to uncorrelated
Poisson statistics
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Random Matrix Theory — Energy Spacing

Leap of faith: Check energy spacing
of some real physical system!
Surprisingly good correspondence.

Poisson

05

:’,ﬁ spacings 4 Bohigas, O., Haq, R.U.,
Pandey, A. (1983).
Fluctuation Properties
of Nuclear Energy
Levels and Widths :
Comparison of Theory
with Experiment

§.l. Nearest neighbor spacing histogram for : (a)
Er, (b) Nuclear Data Ensemble (NDE).
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Random Matrix Theory — Energy Spacing

Leap of faith: Check energy spacing
of some real physical system!
Surprisingly good correspondence.

Not a priori obvious. A nuclear Hamiltonian
is something very specific. Why should it share
characteristics of something very generic?
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Er, (b) Nuclear Data Ensemble (NDE).
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Random Matrix Theory — Energy Spacing

. . L Porsson :‘.Ift spacings 4 Bohigas, O., Haq, R.U.,
* Leap of faith: Check energy spacing ! 1 Fluctustion Propertes
. L J of Nuclear Ener
of some real physical system! sl 1 Cevelsanawiams:
. . i GOE Cgmparlsqn of Theory
Surprisingly good correspondence. - with Experimernt
* Not a priori obvious. A nuclear Hamiltonian ' ) ; =
0 1 2

is something very specific. Why should it share
characteristics of something very generic?

g.l. Nearest neighbor spacing histogram for : (a)
Er, (b) Nuclear Data Ensemble (NDE).

* Have also checked consistency against 10
. . = Nigner-Dyson
theoretical models, like the shell model — it

0.8 1
Neutron

=)
(2]

Proton

Probability

o
S

o
N

0.0

0 1 2 3 4 5
Energy level spacing



Experimental Quantum Chaos
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* Quantum Chaos has been investigated
on several physical platforms.
Natural: nuclei couping, 1 o ht
Engineered: microwave Billiards and oy sibls micmwavfff:equemy [G'HZ]
guantum computers. ) ) \ B
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Experimental Dissipative Quantum Chaos

) 10°
* Quantum Chaos has been investigated ’743 %M ; "
on several physical platforms. l ié
Natural: nuclei coupling 7 g Total System
. . i wire (,HTv pTaHT) -
Engineered: microwave Billiards and ——[GH]
quency z
guantum computers. o
(’H’ p’ H) Neutron
* What has lacked is experimental results
for systems that are dissipative, i.e., influenced Environment
(He, pE, HE)

by noise and other effects from an environment.

ﬁ A total system (belongmg toa Hilbert space Hr, with states described by
density matrices pr, and wi byat Hr) divided
= into the system of interest, system and the environment.

5://doi.org/10.1063/1.5115323




Experimental Dissipative Quantum Chaos

) 10°
* Quantum Chaos has been investigated ’743 %M ; "
on several physical platforms. /4 [ e l it
Natural: nuclei coupling 7 g Total System
. . e wire (HT, pTaHT)
Engineered: microwave Billiards and ——[GH]
quency z
guantum computers. e
(H’ p’ H) Neutron
. . € ™
* What has lacked is experimental results _—

for systems that are dissipative, i.e., influenced
by noise and other effects from an environment.

_ Environment
e Ty (HE, pe, HE)

* What systems to investigate? What characteristics M ..t
. . 4 o ma(:nm}:ess:t:n;" evﬁn ing 1oa ilbert space Tav:mt s?ales esycn ;! e
to look for? Turned out to be a serendipitous road... =i W amdnem s oo

S https://doi.org/101063/1.5115323



Tempting Idea — Quantum Computers!
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* Fully programmable,
a rich laboratory!




Tempting Idea — Quantum Computers!

* Available (sort of...)

* Fully programmable,
a rich laboratory!

* Noisy! A curse for some.
A blessing for us.




A first experiment —

Parameterized Quantum Circuits

* Quantum circuit consisting of
layers of random rotations and
“ladders” of CNOTs
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A first experiment —

Parameterized Quantum Circuits

* Quantum circuit consisting of
layers of random rotations and
“ladders” of CNOTs

* Universal approximator, when noiseless.

Converges quickly, consistent with
experimental resolution for 1=10.

(a)

* Sample a random circuit, run it on hardware,
do Pauli-string measurements to reconstruct it with tomography.

TR T H T
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A first experiment —
Parameterized Quantum Circuits
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* Quantum circuit consisting of (a)(_\
layers of random rotations and JE=1], [R (o)HR. (¢9) L= [0S
" ” Y kel

ladders” of CNOTs : =
Ry HER- (03—t -

* Universal app.rOX|mator,_when n_0|seless. _ —+ Ry (¢3)HR- (03— _
Converges quickly, consistent with . A
experimental resolution for 1=10. a i ‘Q?;/(»?,;)—R:(m) o]

N N2/

* Sample a random circuit, run it on hardware,
do Pauli-string measurements to reconstruct it with tomography.
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Retrieving the Circuit

Retrieve the Pauli-string measurements

qO_Rx_'_RY_}}j__R_SZZ, _D:Ia]y .E
G- R R R R Dy R
e o — o > ?
c 3 0 1 2
(5,b)
p;
Rz Ry )
o gaadans (2}
t 1 1
— 2 1
1 I ] ! Y—% ] /7(
| 1 1 1
) ! ! 1 ~(5,b)
Poy—HXe T 1 Xe 171~ ps>
' : : .
1 | 1 1
g EE p I il
1 1
1

______



Retrieving the Circuit

Retrieve the Pauli-string measurements

Minimize a loss function by optimizing
parameters of the model T

go Rl LRl _[R:l_o IRl IR __Delay :._ni
e . Tt B O S
g2 - R";( | B | _Rva__Rz - 5“ — R __Delay. Ry ?
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Retrieving the Circuit

Retrieve the Pauli-string measurements

Minimize a loss function by optimizing
parameters of the model T

Diagonalize T, obtaining the spectrum
Orllei)) = Nillvi))
{hiti= )

(0
Mo=1 [0 =l0ss))

il <1
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Spectrum of Retrieved Map

* What does the spectrum of a PQC
look like? Anyone’s guess...



Spectrum of Retrieved Map
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* What does the spectrum of a PQC
look like? Anyone’s guess...

* Spectrum for 3-qubit PQCat |=8, ..., 32
The eigenvalues distribute in an annulus.
Sharp boundary of an inner and outer radius.
Annulus collapse and broaden as a
function of L.
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Spectrum of Retrieved Map

1.00

0.75

* What does the spectrum of a PQC 0.50
look like? Anyone’s guess...

* Spectrum for 3-qubit PQCat |=8, ..., 32
The eigenvalues distribute in an annulus.
Sharp boundary of an inner and outer radius. _,,,
Annulus collapse and broaden as a
function of L. ors

* Very particular form! Do we know of any oz
theoretical models capturing this behaviour? =

-0.25
-0.50

-0.75

-1.00 X
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

ReA ReA



[ ] [ ] [ ]
D I I u t e d U n I ta r I e S Sa. et. al. Spectral transitions and universal steady states

in random Kraus maps and circuits. Phys. Rev. B 102,
134310 (2020)

* Atwo-parameter stochastic ensemble Tru(p) = (1 — ]))UpUT kA [)Z KiPKJ

of guantum channels.
g=—=M



[ ] [ ] [ ]
D I I u t e d U n I ta r I e S Sa. et. al. Spectral transitions and universal steady states

in random Kraus maps and circuits. Phys. Rev. B 102,
134310 (2020)

"
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of quantum channels. Tpu(p) = (1 = p)UpU +1)ZK“OK’i
i=1
* Uis a uniformly random unitary,
and K is a random Kraus map.
p € [0,1] is decoherence strength,
while r € [1,d?] is the rank.
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D I I u t e d U n I ta r I e S Sa. et. al. Spectral transitions and universal steady states

in random Kraus maps and circuits. Phys. Rev. B 102,
134310 (2020)

« Atwo-parameter stochastic ensemble Tiopla) = = p)UpUT L] I)Z KiPK»}L
i=1

of guantum channels.

e U is auniformly random unitary,
and K is a random Kraus map.
p € [0,1] is decoherence strength,
while r € [1,d?] is the rank.

* Also produce an annulus shaped
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D I I u t e d U n I ta r I e S Sa. et. al. Spectral transitions and universal steady states

in random Kraus maps and circuits. Phys. Rev. B 102,
134310 (2020)

* A two-parameter stochastic ensemble _ o f 5 . T
of quantum channels. Tpu(p) = (1 —p)UpU' +p Z KipK,
i=1

e U is auniformly random unitary,
and K is a random Kraus map.
p € [0,1] is decoherence strength,
while r € [1,d?] is the rank.

* Also produce an annulus shaped
spectral support. ’ T

-1.0 -05 00 05 10 -10 -05 00 05 10 -
ReA ReA ReA

, ¢=24 (=32
* Inner and outer radius is related to o 7707 L e — re 12
pandr 5o f 1%, 6, g w*
- ‘\\\\_:‘// s T . I{(’lrir‘\'(’di\lj\p

Diluted Unitary
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What do we learn?

Sa. et. al. Spectral transitions and universal steady states

in random Kraus maps and circuits. Phys. Rev. B 102,
134310 (2020)

"
DU capture the spectral support of . o £ 4 . T
PQC. It tells us about the TDU(p) o (1 ]))UpU TR Z K"pK’i
generic/universal behaviour of

real noise.

=1

p=0.4
-10 -05 00 05 10

-1.0 -05 00 05 10 -10 -05 00 05 10
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What do we learn?

DU capture the spectral support of
PQC. It tells us about the
generic/universal behaviour of
real noise.

Also potentially exclude typical
reductionistic noise models in.
E.g. random benchmarking and
gate-set tomography.

ImA

Sa. et. al. Spectral transitions and universal steady states
in random Kraus maps and circuits. Phys. Rev. B 102,

134310 (2020)

Tou(p) = (1=p)UpU" +p  KipK]

=1

p=0.4
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What do we learn?

* DU capture the spectral support of
PQC. It tells us about the
generic/universal behaviour of
real noise.

* Also potentially exclude typical
reductionistic noise models in.
E.g. random benchmarking and
gate-set tomography.

* Is not a mechanistic model in
itself. DU is not have is actually
happening in hardware. But it
might guide the search for better
models.

ImA

Sa. et. al. Spectral transitions and universal steady states
in random Kraus maps and circuits. Phys. Rev. B 102,
134310 (2020)
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What about dissipative effects
that are very regular?
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Second experiment —
Engineered Integrable Noise

* Latent noise seem very chaotic.
What about dissipative effects
that are very regular?
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* Need to check two-point correlation (9) o n+ n ™~ I (s)
channel spectrum {A}



Second experiment —
Engineered Integrable Noise

10 4
= WNigner-Dyson
m— Poisson

[
o

Probability

o
=

o
N

Latent noise seem very chaotic.
What about dissipative effects 00 ? - . r = ]
that are very regular? Energy level spacing

Need to check two-point correlation H(H) A n+1 = En pWD(S)
channel spectrum {)\i}

. . . . AN — 2

An appropriate measure is complex spacing ratio (CSR). T = I\]ICNN—
Repulsion between eigenvalues (chaos) induce A =M
a bitten-donut shape, while decorrelation (integrability)

induce a disk.

-1.0 -0.5 0.0 0.5 10 -1.0 —0.5 0.0 0.5 1.0
Rez Rez

Sa. et. al. Complex Spacing Ratios: A Signature of
Dissipative Quantum Chaos. Phys. Rev. X 10, 021019 —
Published 27 April, 2020



Second experiment —
Engineered Integrable Noise

Latent noise seem very chaotic.
What about dissipative effects
that are very regular?

Need to check two-point correlation
channel spectrum {A}

An appropriate measure is complex spacing ratio (CSR).
Repulsion between eigenvalues (chaos) induce

a bitten-donut shape, while decorrelation (integrability)
induce a disk.

What systems gives statistics that are not bitten donuts,
and can we even detect it accurately?

10 4
wm—Nigner-Dyson
m— Poisson

0.8 1

o
o

Probability

o
=

o
N

0.0 T T Y —
0 1 2 3 4 5

Energy level spacing

—

H(b

) — Sn = n+1 — ETL R I)WD(S)

AN
TN,

-1.0 -0.5 0.0 0.5 10 -1.0 -0.5 0.0 0.5 10
Rez Rez

Sa. et. al. Complex Spacing Ratios: A Signature of
Dissipative Quantum Chaos. Phys. Rev. X 10, 021019 —
Published 27 April, 2020
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fermionic systems. Very constrained gate-set.
Lots of symmetry.
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* Discard the last qubit -> The effective
dynamics on remaining qubits is dissipative.




Trace-out Free-Fermion (FF) Circuits

Inspiration from circuits simulating
fermionic systems. Very constrained gate-set.
Lots of symmetry.

Discard the last qubit -> The effective
dynamics on remaining qubits is dissipative.

For a high-fidelity computer and shallow circuits,
the hope is that the engineered noise is
dominating over the latent, and detectable.

free-fermion circuit

Layer T
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<
=
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Results and Comparisons

* For the infinite size FF, we get the
expected disk. For 4+1 qubits, we get
strong finite size effects. But at any rate,
it is very different from the bitten donut.

> FFo@,co

FF41 Exp.

-1.0

-05 00 05 1.0
Rez

-1.0 -05 00 05 1.0 -1.0 -05 00 05 1.0
Rez Rez

free-fermion circuit




Results and Comparisons

* For the infinite size FF, we get the
expected disk. For 4+1 qubits, we get

e2 f2
- -
strong finite size effects. But at any rate, 1.0 [ FF. Exp.

it is very different from the bitten donut. 10 05 00 05 10 -10 -05 00 05 10 -10 -05 00 05 1.0

Rez Rez Rez

Imz

* Integrability is a fragile property.
Retrieval of second order statistics is
also not trivial.

Combined effort of
hardware tuning, lots of data, and
lots of optimization.

free-fermion circuit




Results and Comparisons

* For the infinite size FF, we get the
expected disk. For 4+1 qubits, we get
strong finite size effects. But at any rate,
it is very different from the bitten donut.

* Integrability is a fragile property.
Retrieval of second order statistics is
also not trivial.

Combined effort of
hardware tuning, lots of data, and
lots of optimization.

* Previous was for |=5. How does the CSR
change as you increase the number of layers?

Imz

e2 f2
- -
> FFco,oo FF4,1 EXp

-10 -05 00 05 1.0 -1.0 -05 00 05 1.0 -1.0 -05 00 05 1.0
Rez Rez Rez

free-fermion circuit




Disk to Donut Transition

As the depth increase, latent
noise become more dominant.
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Disk to Donut Transition

* Asthe depth increase, latent
noise become more dominant.

* We see observe that the
latent noise induce a disk
to donut transition, showing
that it is chaotic in nature.




Disk to Donut Transition

* Asthe depth increase, latent
noise become more dominant.

* We see observe that the
latent noise induce a disk
to donut transition, showing
that it is chaotic in nature.

* Further observations that
hopefully inspire how to think about
guantum noise.




Quantum Process Tomography

* Other presentation!



