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Symmetries are encoded in the mathematical structure of a group.
Continuous symmetries correspond to Lie groups, such as

SL(2) =

{(
a b
c d

)
: ad − bc = 1

}
.

Lie groups admit "in�nitesimal versions", called Lie algebras.
Corresponding to SL(2), we have the Lie algebra sl2 spanned by

h =

(
1 0
0 −1

)
, e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
.

More formally, it is the vector space spanned by {h, e, f } with relations

[h, e] = 2e, [h, f ] = −2f , [e, f ] = h.

We recover SL(2) by the exponential map etx with x ∈ sl2.
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Let A be an algebra (a vector space with a bilinear product). An action
(or representation) of A on a vector space V is a linear map

π : A → V such that π(ab) = π(a)π(b).

Given two representations V and W , can we make the tensor product
V ⊗W into a new representation? Roughly speaking, this corresponds to
the action of the symmetries on the composite system of V and W .

This is equivalent to the existence of a map ∆ : A → A⊗ A, called the
coproduct, which should satisfy the (homomorphism) property

∆(ab) = ∆(a) ·∆(b).

Such a map gives a representation on V ⊗W as follows.
Writing ∆(a) =

∑
i ai ⊗ a′i for a given a ∈ A, we set

πV⊗W (a) =
∑
i

πV (ai )⊗ πW (a′i ).
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For a group, the tensor product representation is given by

πV⊗W (g)(v ⊗ w) = πV (g)v ⊗ πW (g)w .

This corresponds to the coproduct ∆(g) = g ⊗ g .

Similarly, for a Lie algebra we consider

πV⊗W (x)(v ⊗ w) = πV (x)v ⊗ w + v ⊗ πW (x)w .

This corresponds to the coproduct ∆(x) = x ⊗ 1+ 1⊗ x .

(One way to think about the second example is to take g = etx in the
�rst example and retain only the terms linear in t).
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In general, algebras do not admit coproducts.
(So we cannot form the tensor product of representations).

Consider the Cli�ord algebra generated by {xi}ni=1 with relations

xixj + xjxi = 2δij .

It can be shown that it does not admit any coproduct.

Algebras admitting coproducts are called bialgebras. These are algebraic
structures whose representations behave similarly to groups.

We will discuss some other interesting examples shortly.
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Let W ⊆ V be a subspace of representation V of an algebra A.
We say that W is invariant under A if πV (A)W ⊆ W .

A representation V of A is called irreducible (or simple) if the only
invariant subspaces are W = V and W = {0}.

For instance, consider the vector space V1/2 with basis {v+, v−}.
We have an irreducible representation of sl2 on V1/2 given by

π(h) =

(
1 0
0 −1

)
, π(e) =

(
0 1
0 0

)
, π(f ) =

(
0 0
1 0

)
.

(This is the so-called fundamental representation of sl2).
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In general, the representation on a tensor product V ⊗W is reducible.

For instance, consider V1/2 ⊗ V1/2. One checks that the vector

v+ ⊗ v− − v− ⊗ v+

is killed by the generators {h, e, f }. Hence this vector spans an invariant
subspace, which we write as V0. The complement, given by

V1 = span{v+ ⊗ v+, v+ ⊗ v− + v− ⊗ v+, v− ⊗ v−},

is also invariant under sl2. Hence we have a decomposition

V1/2 ⊗ V1/2 = V1 ⊕ V0

in terms of simple (irreducible) components.
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An algebra A is called semisimple if any of its (�nite-dimensional)
representations decomposes as a direct sum of simple components.

Suppose A is semisimple and admits a coproduct. Then, given any two
representations V and W , we have a decomposition

V ⊗W =
⊕
i

Vi ,

where on the right-hand side we have the simple components Vi .

In physics terminology, the identi�cation between elements of V ⊗W
and elements of some Vi is given by the Clebsch�Gordan coe�cients.
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Now let us consider the universal enveloping algebra U(sl2).
It is the algebra generated by the elements {h, e, f } with relations

he − eh = 2e, hf − fh = −2f , ef − fe = h.

We can de�ne a deformation of U(sl2) as follows. Fix q ∈ R and
consider the algebra generated by {H,E ,F} with relations

HE − EH = 2E , HF − FH = −2F , EF − FE =
qH − q−H

q − q−1
.

This formally recovers the algebra U(sl2) in the limit q → 1, since

qH − q−H

q − q−1
= H + O(q − 1).
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It is convenient to de�ne K = qH and rewrite the relations as

KE = q2EK , KF = q−2FK , EF − FE =
K − K−1

q − q−1
.

This is called the quantized enveloping algebra Uq(sl2).

Does this algebra admit a coproduct? The guess ∆(x) = x ⊗ 1+ 1⊗ x ,
valid for a Lie algebra, does not work here.

There is however a more complicated coproduct which works, given by

∆(H) = H ⊗ 1+ 1⊗ H,

∆(E ) = E ⊗ K−1 + 1⊗ E ,

∆(F ) = F ⊗ 1+ K ⊗ F .

(We note that the �rst relation implies ∆(K±1) = K±1 ⊗ K±1).
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For instance, we check that the relation [E ,F ] = K−K−1

q−q−1 is compatible

with the claimed coproduct.

We have

∆(E ) ·∆(F ) = EF ⊗ K−1 + EK ⊗ K−1F + F ⊗ E + K ⊗ EF ,

∆(F ) ·∆(E ) = FE ⊗ K−1 + F ⊗ E + KE ⊗ FK−1 + K ⊗ FE .

Using these expressions we compute

[∆(E ),∆(F )] = [E ,F ]⊗ K−1 + K ⊗ [E ,F ]

=
1

q − q−1

(
(K − K−1)⊗ K−1 + K ⊗ (K − K−1)

)
=

1

q − q−1
(K ⊗ K − K−1 ⊗ K−1)

= ∆

(
K − K−1

q − q−1

)
.

(We also used the identity EK ⊗ K−1F = KE ⊗ FK−1).
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It turns out that, by a similar procedure, one can de�ne a quantized
enveloping algebra Uq(g) for any (complex) semisimple Lie algebra g.

The generators are {Hi ,Ei ,Fi}ri=1, where r is the rank of g, but the
relations among them are more complicated. Its coproduct is

∆(Hi ) = Hi ⊗ 1+ 1⊗ Hi ,

∆(Ei ) = Ei ⊗ K−1
i + 1⊗ Ei ,

∆(Fi ) = Fi ⊗ 1+ Ki ⊗ Fi .

(The fact that �ip ◦∆ ̸= ∆ has many interesting consequences, related
to actions of the braid groups on tensor products).

There are many similarities between Uq(g) and the classical U(g).
For instance, their irreducible representations can be put in one-to-one
correspondence (and in turn with those of the Lie algebra g).
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We have seen that representations of Uq(sl2) can be tensored using the
coproduct (and therefore decomposed into simple components).

For instance consider the fundamental representation V q
1/2, given by

Kv+ = qv+, Ev+ = 0, Fv+ = v−,
Kv− = q−1v−, Ev− = v+, Fv− = 0.

The action on the tensor product V q
1/2 ⊗ V q

1/2 can be obtained readily.

Using the rule ∆(F ) = F ⊗ 1+ K ⊗ F we obtain

F (v+ ⊗ v+) = v− ⊗ v+ + qv+ ⊗ v−,

F (v+ ⊗ v−) = v− ⊗ v−,

F (v− ⊗ v+) = qv− ⊗ v−,

F (v− ⊗ v−) = 0.
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For instance consider the fundamental representation V q
1/2, given by

Kv+ = qv+, Ev+ = 0, Fv+ = v−,
Kv− = q−1v−, Ev− = v+, Fv− = 0.

The action on the tensor product V q
1/2 ⊗ V q

1/2 can be obtained readily.

Using the rule ∆(F ) = F ⊗ 1+ K ⊗ F we obtain
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We have a decomposition V q
1/2 ⊗ V q

1/2 = V q
1 ⊕ V q

0 into simple

components analogous to the classical case, where

V q
1 = span{v+ ⊗ v+, v− ⊗ v+ + qv+ ⊗ v−, v− ⊗ v−},

V q
0 = span{v+ ⊗ v− − qv− ⊗ v+}.

Something intriguing can be seen here: for q = 0 we get

V q
1 ⇝ {v+ ⊗ v+, v− ⊗ v+, v− ⊗ v−},

V q
0 ⇝ {v+ ⊗ v−}.

We can interpret this as follows: our "naive basis" {vi ⊗ vj} of
V q
1/2 ⊗ V q

1/2 gets partitioned into irreducible components.
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This can be represented graphically in the so-called crystal graph:

v+ ⊗ v+ v− ⊗ v+

v+ ⊗ v− v− ⊗ v−

Its vertices are simply the elements of the basis {vi ⊗ vj}.
The arrows represent the action of F on these for q = 0.

Does this work for more general representations of U(sl2)?
And what about Uq(g) for a general semisimple Lie algebra g?

The answer is yes for both, due to the results of Kashiwara!
The (appropriate) limit q → 0 of Uq(g) is called the crystal limit.
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A crystal B is a set on which the Kashiwara operators Ẽi and F̃i act.
(These are renormalizations of the actions of Ei and Fi at q = 0).
It should satisfy certain properties that we will not list here.

One of the main features of crystals is the tensor product rule.
To formulate it, we need to introduce the following numbers:

φi (b) = max{n : F̃ n
i b ̸= 0}, εi (b) = max{n : Ẽ n

i b ̸= 0}.

Theorem (Kashiwara '91)

The action of F̃i on (the Cartesian product) B × B′ is given by

F̃i (b ⊗ b′) =

{
F̃ib ⊗ b′ φi (b) > εi (b

′)

b ⊗ F̃ib
′ φi (b) ≤ εi (b

′)
.

Compare with the action of Fi on the tensor product V ⊗ V ′ of
g-representations, which would be Fi (v ⊗ v ′) = Fiv ⊗ v ′ + v ⊗ Fiv

′.
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i b ̸= 0}.

Theorem (Kashiwara '91)

The action of F̃i on (the Cartesian product) B × B′ is given by

F̃i (b ⊗ b′) =

{
F̃ib ⊗ b′ φi (b) > εi (b

′)

b ⊗ F̃ib
′ φi (b) ≤ εi (b

′)
.

Compare with the action of Fi on the tensor product V ⊗ V ′ of
g-representations, which would be Fi (v ⊗ v ′) = Fiv ⊗ v ′ + v ⊗ Fiv

′.



There is a unique crystal B corresponding to any g-representation V
(with cardinality equal to the dimension of V ).

Its crystal graph can be decomposed into connected components,
corresponding to the action of the F̃i 's on the vertices.

For instance, in the example of sl2, we saw the crystal graph

v+ ⊗ v+ v− ⊗ v+

v+ ⊗ v− v− ⊗ v−

which has two connected components.

Theorem (Kashiwara '91)

The decomposition of B =
⊔

k Bk into connected components
corresponds to the decomposition V =

⊕
k Vk into simple components.
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Let us see a more complicated example of this. Consider two copies of
the three-dimensional representation V1 of sl2, which we denote by

a1 → a2 → a3, b1 → b2 → b3.

Then the crystal graph corresponding to V1 ⊗ V1 is given by

a1 ⊗ b1 a2 ⊗ b1 a3 ⊗ b1

a1 ⊗ b2 a2 ⊗ b2 a3 ⊗ b2

a1 ⊗ b3 a2 ⊗ b3 a3 ⊗ b3

We get three connected components, of cardinality 5, 3 and 1.
This corresponds to the sl2-decomposition

V1 ⊗ V1 = V2 ⊗ V1 ⊗ V0.
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A dual construction to Uq(g) is the quantized coordinate ring Oq[G ],
where G denotes the Lie group corresponding to g.

Theorem (Matassa-Yuncken)

There exists a ∗-algebra O0[G ] which can be obtained as an appropriate
crystal limit of Oq[G ] (within a Hilbert space). Its C∗-completion is
isomorphic to the C∗-algebra of a concrete higher-rank graph.

•

• •

• •

•

But this is a story for another time...
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The two main papers by Kashiwara on crystal bases.

M. Kashiwara, Crystalizing the q-analogue of universal enveloping
algebras, Communications in Mathematical Physics 133, no. 2
(1990): 249-260.

M. Kashiwara, On crystal bases of the Q-analogue of universal
enveloping algebras, Duke Mathematical Journal 63, no. 2 (1991):
465-516.

Some (more user-friendly) textbook presentations of crystal bases.

D. Bump and A. Schilling, Crystal bases: Representations and
Combinatorics, World Scienti�c Publishing Company, 2017.

J. Hong and S. Kang, Introduction to quantum groups and crystal
bases, American Mathematical Society 42, 2002.

Finally, the reference for the last brie�y mentioned topic.

M. Matassa and R. Yuncken, Crystal limits of compact semisimple
quantum groups as higher-rank graph algebras, Journal für die reine
und angewandte Mathematik (Crelles Journal) 802 (2023): 173-221.
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