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The Kohn—-Sham Approach

Interacting electrons
-1
=320 VA ey Ity —rk T A X vee ()

Pegs

-

Non-interacting electrons (KS system)
_% Zj V? + Ej [Vext (r5) + vu(r;) + vxe(r))]

the exchange correlation potential, vy, «— unknown

The forward problem: given a vy, what is the pgs?
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The Inverse Kohn—-Sham Problem

The reverse problem:

Given a pgs, What is the vy ? experiments
/ quantum Monte-Carlo
pgs \ FCI
Qpled—cluster

others

Approach to understanding the universal
density functional F

Road to new approximations of F
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Moreau-Yosida Regularisation



Moreau-Yosida Regularisation

Densities: p € D Potentials: v € V = D*

Definition

Let D be uniformly convex and F : D — R convex and lower semicontinous
functional. For some ¢ > 0, the Moreau—Yosida reqularisation of F is

. 2
Fo(p) = nf {F(0) + Ello —pllp }-

An infimal convolution
&
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A Lossless Regularisation
The regularised energy
E*(v) = inf {F*() + {v.0)}

Exact ground-state energy

€12
B(v) = E(v) + Slol}}-
The regularisation retains the ground state energy
Consequence of infimal convolution and E(concave) <+ F(convex).
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The Inversion Scheme

3 The Inversion Scheme
The Exchange-Correlation Potential
The Inversion Algorithm
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Periodic Systems

D =H1(Q,C) V=D"=H],.(Q,C)

per

Periodic Sobolev spaces [1]

2 2\s|75 |2
a7, =D (1 +|G]*)fug|
G

The duality mapping J : D — V,

Tl = @ p)e) = [ el

R3 47["1' — X‘

Fix pgs € D and
ﬂszw+Emm+/%m>
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The Exchange-Correlation Potential
Minimise
E(p;pes) = F(p) + 2llp — peslp, over peD

Proximal density
Pgs = argmin £(p, pgs)
p

is the unique minimser of £(p; pes) [2]

The exchange-correlation potential [3, 4]

vee(r) = lim = [0, — pes] (1)

e—0t €
2 —
_ hm 1/ pgs(x) pgs(x)ef|r7x| dX
e—0t € Jgs  Amr — x|
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The Inversion Algorithm

=
E
=
S 2
Pgs = Pgs + Ap
K b 2 8
o e = g o & 5
g‘ [pgs _ argmlnp 5(p7 pgS)J §
o e
D ~e _ 1 ~g =
é vac g‘](pgs PgS)]
PRRPEC, SR ¢ _____ Lo oo
! lim o3 lim pg .
; e—0t C —o+ & !
: extrapolate numerically : <%,
N e e - - - - - o’ “»
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Results

4 Results
Example: Bulk Silicone
Error Bounds
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Bulk Silicone

e=10x10" e=32x10"

e=10x10"° £=32x%x10"

e=10x10" ‘ —— - Ux

0.1

<
o

vxc(r)

Relative error
—
o

|
| 1 | 1 |
0 (001) ol (110) o'" Si (111) Si O
: %
Implementation on github.com/mfherbst/supporting-my-inversion o> %
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https://github.com/mfherbst/supporting-my-inversion

Error Bounds

The proximal mapping p — p° is non-expansive,

0" =rllp < llo=pllp, Vp,peD

Consider inexact references:
Pes = Pgs + Ap

The total error

[oxe = Velly < loxe = vxelly + Ivke = Tcelly,

terminating at finite e using inexact pgs
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Non-Expansiveness

HPZS - ﬁﬁgsH'D < Hﬂgs - ﬁgSHD = HAPHD

o5 — Pasllp

R V]

10° b
T
5
102} e By =30, [ Ap| = 2.7 x 107
< —— B = 25, | Ap| =3.3x107°
—— B =20, | Ap| =46 x10°
1073 L Ecut - 15? H Ap” =T70x 10_0
—— Eo =10, | Ap| =15 x 107"
10" 10! 1072 107 107! 107 107° 1077 =,
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Error Bounds: Inexact Densities
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Conclusions

Mathematically rigorous inversion scheme
Rigorous error estimates
Practical use case of Moreau—Yosida regularisation

First system studied: bulk silicone
Implemented using DFTK. j1 [5] @ D FT K
Outlook

More complicated systems
Reference densities from other sources
Further error analysis

Investigate proximal point algorithms o
%
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Motivation: The Differentiability of F

The exact universal functional F is non-differentiable with respect to p [6].

Practical implementations often assume differentiability,
e.g., Vxc = 0FEx:/dp.

Regularisation of F to ensure differentiability.
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Convergence: Bulk Silicone

10' 1
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Analytic Error Bounds

Theoretically, the ratios satisfies VAp € D

0<Q(Ap) <1

0<1-Q:(Ap) < R:(Ap) <1+ Q:(Ap) <2
0 < S:(Ap) < Q(Ap) <1

lim Q-(Ap) =1 and lim S.(Ap) <1

e—0t e—0t
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Error Bounds: Inexact Densities

N 1
[ofe =T = £ (Ap)]|,, < ZQe(Ap)lldpllp  Se(ap) =<
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