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Density-Functional Theory

Ĥ(v) =

Ĥ0︷ ︸︸ ︷
−1

2
∑
j

∇2
j + 1

2
∑
k ̸=j

1
|rj − rk|

+
∑
j

v(rj)

ψ : R3N → C, ρψ = N

∫
R3(N−1)

|ψ|2 ⟨v, ρ⟩ =
∫
vρ

E(v) = inf
ψ
⟨ψ|Ĥ|ψ⟩

= inf
ρ
{F (ρ) + ⟨v, ρ⟩}

F (ρ) = sup
v
{E(v)− ⟨v, ρ⟩}

= inf
Γ 7→ρ

Tr Ĥ0Γ

= inf∑
j pjρψj=ρ

∑
j

pj ⟨ψj |Ĥ0|ψj⟩
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The Kohn–Sham Approach

ρgs

Interacting electrons

Ĥ = −1
2
∑
j

∇2
j + 1

2
∑
k ̸=j

1
|rj − rk|

+
∑
j

vext(rj)

Non-interacting electrons (KS system)

ĤKS = −1
2
∑
j

∇2
j +

∑
j

[vext(rj) + vH(rj) + vxc(rj)]

Exchange correlation potential vxc ←− unknown

The forward problem:
Given a vext and an approximate Exc, i.e., vxc, determine ρgs
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Kohn–Sham DFA
GGA = Generalized Gradient Approximation

Exc(ρ) =
∫
eLDA

xc

enhancement factor︷ ︸︸ ︷
fxc(ρ,∇ρ) s = |∇ρ|2kFρ

= x

2(3π2)1/3 = |∇ρ|
ρ4/3︸ ︷︷ ︸

reduced gradient

PBE (Perdew, Burke, Ernzerhof): parameters κ, µ

fx(s) = 1 + κ− κ

1 + µs2/κ
= 1 + µs2 +O(s4) (1)

Ex =
∫
eLDA

x︸ ︷︷ ︸
∼ρ4/3

fx(s), Ec = [too complicated]

Ex, Ec =⇒ vxc = δ

δρ
Exc(ρ)

A. Laestadius Some recent results on the inverse Kohn-Sham problem May 6th, 2025 5 / 24



The Inverse Kohn–Sham Problem

The reverse problem:
Given a ρgs, determine vxc

Why?

Better understanding of F (ρ)
Additional constraints for F (ρ) to use
when designing approximations

ρgs FCI

quantum Monte-Carlo

experiments

coupled-cluster
...

others
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Moreau–Yosida Regularisation

Densities: ρ ∈ D Potentials: v ∈ V = D∗

Definition

LetD be uniformly convex and F : D → R∪{+∞} convex and lower semicontinous
functional. For some ε > 0, the Moreau–Yosida regularisation of F is

F ε(ρ) = inf
σ∈D

{
F (σ) + 1

2ε∥σ − ρ∥
2
D

}
.

An infimal convolution
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A Lossless Regularisation

Eε(v) = inf
ρ∈D
{F ε(ρ) + ⟨v, ρ⟩}

Eε(v) = E(v)− ε

2∥v∥
2
V .

The regularisation retains the ground state energy

Consequence of infimal convolution and (F,E) being a convex-concave
(“conjugate”) pair
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Periodic Systems

D = H−1
per(Ω,C) V = D∗ = H1

per(Ω,C)

Periodic Sobolev spaces [1]

∥u∥2Hs
per

=
∑
G

(1 + |G|2)s|ûG|2

The duality mapping J : D → V,

J [ρ](r) = (Φ ∗ ρ)(r) =
∫
R3

ρ(x)
4π|r− x|e

−|r−x| dx
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Model Functional
Recall

ĤKS = −1
2
∑
j

∇2
j +

∑
j

vKS︷ ︸︸ ︷
[vext(rj) + vH(rj) + vxc(rj)]

Given ρgs ∈ D, let

F(ρ) = T (ρ) + EH(ρ) +
∫

Ω

vextρ

Minimise
E(ρ ; ρgs) = F(ρ)︸ ︷︷ ︸

no xc

+ 1
2ε∥ρ− ρgs∥2D︸ ︷︷ ︸

targets xc as ε→ 0+

over ρ ∈ D (2)

Proximal density, unique minimiser of E :

ρεgs = argmin
ρ∈D

E(ρ, ρgs)
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The Exchange-Correlation Potential
Since Fε(ρ) is differentiable,

vεxc = −δF
ε

δρ
(ρεgs) = 1

ε
J [ρεgs − ρgs]

Exchange-correlation potential [2, 3]

vxc(r) = lim
ε→0+

vεxc

= lim
ε→0+

1
ε
J
[
ρεgs − ρgs

]
(r)

= lim
ε→0+

1
ε

∫
R3

ρεgs(x)− ρgs(x)
4π|r− x| e−|r−x| dx
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The Inversion Algorithm with error ∆ρ

fo
rw

ar
d

in
ve

rs
e

vxc ρgs

ρ̃gs = ρgs +∆ρ

ρ̃εgs = argminρ E(ρ; ρ̃gs)

ṽεxc =
1
εJ(ρ̃

ε
gs − ρ̃gs)

lim
ε→0+

ṽεxc lim
ε→0+

ρ̃εgs
extrapolate numerically

co
m

pa
re

com
pare
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Numerical details

KS-DFT implementation: parametrize ρεgs in terms of orthonormal orbitals
Φ = (ψ1, . . . , ψNb),

∫
Ω
ψ∗
i ψj = δij

Planewaves (PW) eG(r) = |Ω|−1/2eiG·r

Fourier space cutoff: |G|2 ≤ 2Ecut

Coulomb energy replaced by: EH(ρ) =
∑

G ̸=0
|ρ̂G|2

|G|2

PsP approximation for vext
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Numerical details
Direct minimization in terms of orbitals (Stiefel manifold):

ρΦ(r) = 2
Nb∑
i=1
|ψi(r)|2

enabling to rewrite the minimization of

E(Φ, ρgs) =
Nb∑
i=1

∫
Ω

|∇ψi|2 + EH(ρΦ)

+
∫

Ω

vextρΦ + 1
2ε∥ρΦ − ρgs∥2D

(3)

with respect to the orbitals Φ.
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Bulk Silicon
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Implementation on github.com/mfherbst/supporting-my-inversion

https://github.com/mfherbst/supporting-my-inversion


Gallium Arsenide
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Potassium Chloride
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Error Bounds

Inexact density:

ρ̃gs = ρgs + ∆ρ
∆ρ truncations

change of basis

exp. noise

poor convergence

...
others

The total error

∥vxc − ṽεxc∥V ≤ ∥vxc − vεxc∥V︸ ︷︷ ︸
terminating at finite ε

+ ∥vεxc − ṽεxc∥V︸ ︷︷ ︸
using inexact ρgs

(4)
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Energy error splitting

Kim, Sim and Burke: Density-driven error

∆E = E(ρgs)− Eappr(ρgs + ∆ρ)
=

(
E(ρgs)− Eappr(ρgs)

)︸ ︷︷ ︸
error from functional

+
(
Eappr(ρgs)− Eappr(ρgs + ∆ρ)

)︸ ︷︷ ︸
error from density

(5)

We borrow the term “density-driven” when we speak of errors in the potentials
caused by inexact densities.
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Convergence: Bulk Silicon
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Non-Expansiveness of ρ 7−→ ρε∥∥ρεgs − ρ̃εgs
∥∥
D ≤ ∥ρgs − ρ̃gs∥D = ∥∆ρ∥D Qε(∆ρ) =

∥∥ρεgs − ρ̃εgs
∥∥
D

∥∆ρ∥D
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Error Bounds: Inexact Densities
∥ṽεxc − vεxc∥V ≤

1 +Qε(∆ρ)
ε

∥∆ρ∥D Rε(∆ρ) = ε
∥ṽεxc − vεxc∥V
∥∆ρ∥D
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1±Qε ≈ 1

0 ≈ 1−Qε ≤ Rε ≤ 1 +Qε ≈ 2



Conclusions
Mathematically rigorous inversion scheme
Rigorous error estimates
Practical use case of Moreau–Yosida regularisation
First systems studied: Si, GaAs, KCl
Implemented using DFTK.jl [4]

Outlook
More complicated systems
Reference densities from other sources
Further error analysis
Investigate proximal point algorithms
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Thank you for your attention!
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