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Density-Functional Theory

Hy
Flo) = -5 w24 L 1 .
Hw) = 5 zj:vj + 5 gﬁ; T —i-zj:v(rj)
. 3N _ 2 —
P : R = C, pr/RS(NI)WI <v,p>/vp
E(v) = inf (4|H]y) F(p) = sup {E(v) = (v, p)}
=inf{F(p) + (v, p)} = inf Tr HoT
P I'—p

= inf " pj (5| Holty)
j PiPy;=pP I 06\'0%)
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The Kohn—-Sham Approach

Interacting electrons

~ 1
H = 2; Z‘r]_rk|+zvext r;)

Non-interacting electrons (KS system)
~ 1
Hys = —5 D VI vext(r5) + va(rs) + vxe(r;)]
J j

Exchange correlation potential vy, «— unknown

The forward problem:
Given a vex; and an approximate Ey, i.€., vy, determine pgg
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Kohn-Sham DFA

GGA = Generalized Gradient Approximation

enhancement factor

—_—
Exe(p) = / DA (5, Vp) g Vol _ = |Vl

- 2%kpp 2(3m2)1/3 R

reduced gradient

PBE (Perdew, Burke, Ernzerhof): parameters «, i

Jx(8) =1+ K — =1+ pus* + O(sh)

_r

1+ ps?/k

E, = /eEDA fx(s), E.= [too complicated]
~—~

~opi/3

iExc(p)

Ey, Ec = vxe = 5
p
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The Inverse Kohn—-Sham Problem

experiments
ﬂntum Monte-Carlo

coupled -cluster

The reverse problem:
Given a p,s, determine vy

Why? '
others
Better understanding of F(p)

Additional constraints for F'(p) to use

when designing approximations
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Moreau-Yosida Regularisation

Densities: p € D Potentials: v € V = D*

Definition

Let D be uniformly convex and F' : D — RU{+o0} convex and lower semicontinous
functional. For some ¢ > 0, the Moreau—Yosida regularisation of F' is

F(p) = inf {Fo) + &llo = I3 }.

An infimal convolution o
& %
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A Lossless Regularisation
E(v) = inf {F*(p) + (v p)}
E=(v) = E() - Soll}.

The regularisation retains the ground state energy

Consequence of infimal convolution and (F, E) being a convex-concave
(“conjugate”) pair
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Inversion Scheme

2 Inversion Scheme
Exchange-Correlation Potential
The Inversion Algorithm
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Periodic Systems

per

_ i} é
D=H1(Q,C) V=D"=H).(QC) o ® .

Periodic Sobolev spaces [1]

2 —~
s, = 301 +1GPR) [acl
G

The duality mapping J : D — V,

Jlpl(r) = (P p)(r) = /1133 47rl\01€X—)><]e_|r_X| dx
Oq'o%,\
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Model Functional

Recall

VKS

_ 1 -
HKS = —5 Z V? + Z [Uext(rj) + UH(rj) + ch(rj)}
i J

Given pgs € D, let

Fo) = T(p) + Eulp) + /Q Vst

Minimise
E(pipes) = F(p)+ 2llp—pesllpy  over peD 2
—_

NoXC  targets xc as e — 0+

Proximal density, unique minimiser of £:

i = argmin €(p, pys)
o< &
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The Exchange-Correlation Potential
Since F=(p) is differentiable,

. oF

1
Uxe = — 5p (P;) = EJ[P; - IOgS]

Exchange-correlation potential [2, 3]

Uxe(r) = El_ig{r Uke

1
= lim *J[pés - PgS] (r)

e—=0t €
2 —
— lim 1/ pgs(x) pgs(x)e,\r,,q dx
e—=0t € JRs 4r|r — x|
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The Inversion Algorithm with error Ap

E Uxc Pgs
= Pgs = Pgs + Ap

= b ¥

= (75 = argmin, £(pif) | 2
g S% ! ie
: (55 = 2055 — )|
. PRRPEC, SR ¢ _____ Lo oo

i al—igh Uxe 1—1>%1+ Pes i
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Numerical details
KS-DFT implementation: parametrize pg, in terms of orthonormal orbitals
D= (Y1,...,¥N,), Jo i = i

Planewaves (PW) eg(r) = |Q|1/2e/G T
Fourier space cutoff: ]G\z < 2Fcut

Coulomb energy replaced by: Ex(p) = > g4 ‘IﬁC?ILQ

PsP approximation for vext
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Numerical details

Direct minimization in terms of orbitals (Stiefel manifold):
Ny
po(r) =2 |4i(r)]”
=1
enabling to rewrite the minimization of
Ny
E@.ps) = 3 [ [V + Fupo)
=1

1
+ [ vespo + 5o ~ polls
Q 9

with respect to the orbitals .
%,
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Results

3 Results
Bulk Materials
Error Bounds
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Bulk Silicon

e=10x 10‘? £=32x 10‘76 e=10x10""° -
e=18x10" e=10x10" ‘ — T Uxe

0.1 r
E 0.0
g —0.1
S
—0.2
—0.3 r
5 10°
50T
C o2t
g 3
2 10 o /1
E= RV e\l
= 10 5 i VA |
Q — L | |
~ 10 i | i | i l ) l I
0 (001) o' (110) o" Si (111) Si 0
&%,

Implementation on github.com/mfherbst/supporting-my-inversion
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https://github.com/mfherbst/supporting-my-inversion

Gallium Arsenide

—6

e=56x10"
e=10x10
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Potassium Chloride

- E; ﬂPSBé]IQSP]

Relative error
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Error Bounds

exp. noise

Inexact density: change of basis

i

truncations

Pgs = Pgs + Ap

j

poor convergence

others
The total error

[oxe = Uelly < Jloxe = v5elly 4 [loxe = Welly (4)

terminating at finite e~ using inexact pgs
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Energy error splitting

Kim, Sim and Burke: Density-driven error

AE = E(pgs) — Eappr(pgs + Ap)
= (E(pgs) — Eappr (Pgs)) + (Eappr(PgS) - Eappr(Pgs + Ap)) (5)

~
error from functional error from density

We borrow the term “density-driven” when we speak of errors in the potentials
caused by inexact densities.
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Convergence: Bulk Silicon

10! ¢

10° f == Eq =10, |Ap| =15 x 107"
—¢— B =15, | Ap| =70 x 107"
—e— B =20, | Ap| = 4.6 x 107°
—— By =25, | Ap| =3.3x107°
—— Ecut - 3Ov ” Ap" = 2.7 X 1075
10 [ —— Ey =35 |Ap| =31 x107°
—— Ecut - 457 H Ap" - O

” U)Ecc - ’UXCHV

10" 107" 1072 1073 1074 107° 1076 1077
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Non-Expansiveness of p — p°

HPZS - ﬁEgSH'D < Hﬂgs - ﬁgSHD = HAPHD

Q_(Ap)

I

Qe(Ap) =

1Apllp

—<—FE =10
X Ecut =15
—r— Ecut =20

—x—FE_, =30
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Error Bounds: Inexact Densities

1+ Q:(A Vs, — Vs,
Q;(p)llAﬂllp Re(ap) = el el

1Apllp

”i}/)ecc - U)E(CHV <

1.0
0%1_Q8§R5<1+Q8%2
0.8 r
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o6t
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Conclusions

Mathematically rigorous inversion scheme
Rigorous error estimates
Practical use case of Moreau—Yosida regularisation

First systems studied: Si, GaAs, KCI
Implemented using DFTK. j1 [4] @ D FT K
Outlook

More complicated systems
Reference densities from other sources
Further error analysis

Investigate proximal point algorithms o
%
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