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Motivation
Kohn–Sham (KS) approach
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Non-interacting electrons (KS system)
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[vext(rj) + vH(rj) + vxc(rj)]

Critical unknown: vxc
δF̃ (ρ)
δρ

Forward KS problem:
Given an F̃ , obtain ρgs

Inverse KS problem:
Given ρgs, find vxc

Moreau–Yosida Regularisation
ρ ∈ D uniformly convex, v ∈ V = D∗, F : D → R convex & l.s.c.

Moreau–Yosida regularisation at ε > 0:
F ε(ρ) = inf
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Eε(v) = inf
ρ∈D

{F ε(ρ) + ⟨v, ρ⟩} =⇒ E(v) = Eε(v) + ε
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Obtaining the Exchange-Correlation Potential

F(ρ) = T (ρ) + EH(ρ) +
∫

Ω
vextρ

Periodic Sobolev spaces [1]: ρ ∈ D = H−1
per(Ω), v ∈ V = H1

per(Ω)
minimise E(ρ ; ρgs) = F(ρ) + 1

2ε∥ρ− ρgs∥2
D (ρgs fixed) (2)

ρεgs = argmin
ρ∈D

E(ρ, ρgs) (unique element [2])

Duality mapping: J [ρ](r) = [Φ ∗ ρ](r) =
∫

R3

ρ(r′)
4π|r − r′|

e−|r−r′| dr′ (3)

xc potential [3, 4]: vxc(r) = lim
ε→0+

1
ε
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ρεgs(r′) − ρgs(r′)
4π|r − r′|

e−|r−r′| dr′ (4)

The Inversion Scheme
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ρ̃gs = ρgs +∆ρ

ρ̃εgs = argminρ E(ρ; ρ̃gs)

ṽεxc =
1
εJ(ρ̃

ε
gs − ρ̃gs)

lim
ε→0+

ṽεxc lim
ε→0+

ρ̃εgs
extrapolate numerically
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Implementation:
Φ = (ψ1, ψ2, . . . , ψNb

)
∫

Ω
ψ∗
iψj = δij

ρΦ(r) =
∑

i

fi|ψi(r)|2

Minimise E(ρΦ, ρgs)

Numerical Examples

O

O0
O00

(001)

(110)

(111)

K

K
K

(001)

(110)

(111)

Details, code, and data on GitHub [5]

Error Bounds: Analytical & Numerical
Non-expansiveness

∥ρε − ρ̃ε∥D ≤ ∥ρ− ρ̃∥D ∀ρ, ρ̃ ∈ D (5)
Perturbations: ρ̃gs = ρgs + ∆ρ

Qε(∆ρ) =
∥∥ρεgs − ρ̃εgs

∥∥
D

∥∆ρgs∥D
≤ 1

Total error
∥vxc − ṽεxc∥V ≤ ∥vxc − vεxc∥V︸ ︷︷ ︸

term. at ε > 0

+ ∥vεxc − ṽεxc∥V︸ ︷︷ ︸
inexact ρgs

lim
ε→0+

∥vxc − vεxc∥V = 0

Error from inexact density

∥ṽεxc − vεxc∥V ≤ 1 +Qε(∆ρ)
ε

∥∆ρ∥D (6)
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Rε(∆ρ) = ε
∥ṽεxc − vεxc∥V

∥∆ρ∥D

0 ≤ 1 −Qε(∆ρ) ≤ Rε(∆ρ) ≤ 1 +Qε(∆ρ) ≤ 2
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