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Introduction

•The Forward problem in DFT is to calculate the groundstate density, ρ, from a potential, v.

•The Inverse problem, we start from a ρ and determine the potential v which reproduces ρ.

•We investigated the Inversion
problem to obtain the local po-
tential that describes Fock ex-
change using the Moreau–Yosida
(MY) regularisation formulation
of DFT using HF. 0 1 2 3 4 5
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Periodicity

•The theoretical framework is general
for spatial domains Rd of any dimen-
sion d and number of periodic direc-
tions p, such that p ≤ d.

•Fig. case of p=d=2, blue shaded cell
is the unit cell and the red shaded
cell is the Born–von Kármán

•Results illustrates p = d = 1

Hamiltonian

•The wave function is periodic over the Born–von Kármán zone (BvK).

•The Hamiltonian is defined as,

H = −1

2

M∑

i=1

d2

dx2i
+

M∑

i=1

vext(xi) + λ
∑

i<j

wper(xi − xj),

wper(x) :=
∑

m

e−γ|x−m|

2γ
,

where vext(xi) is the external potential and M the number of electrons in
the BvK

•Potentials and densities are periodic in the unit cell.
•The last term is the two-electron interaction, the Yukawa interaction.

Duality mapping

• ρ’s with finite Hartree/Yukawa
self-energy form Sobolev space,X .

• v lives in the dual space, X⋆.
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•The duality map from density to potentials,

v = J(ρ) =
∑

G∈RL

ρ̃(G)

γ2 +G2
eiGx, vε =

1

ε
J(ρε − ρref),

• and from potentials to density

ρ = J−1(v) =
∑

G∈RL

(
γ2 +G2

)
ṽ(G) eiGx.

•The duality map satisfies

Hartree energy =
1

2
∥ρ∥2X =

1

2
∥v∥2X⋆ =

1

2
⟨J(ρ) , ρ⟩

Moreau–Yosida regularisation

•We define the Moreau–Yosida regularisation of f at ρ ∈ X as,

f ε(ρ) = inf
ρ′∈X

{
f (ρ′) +

1

2ε
∥ρ′ − ρ∥2X

}
= f (ρε) +

1

2ε
∥ρε − ρ∥2X,

where ε > 0 is the regularisation parameter.

• ρε the proximal point.

• 1
2ε∥ρ− ρ′∥2X penalty term =⇒ ρε → ρ as ε → 0+.

Regularised Hartree–Fock

•The Hartree–Fock energy is given by,

E(D) = tr(Dh) +
λ

2
⟨J(ρD) , ρD⟩ − µX (D),

where D is the 1-PRDM, h the core Hamiltonian, ⟨J(ρ) , ρ⟩ the
direct Hartree energy and, X the exchange energy.

•We are interested in finding the exchange potential, vX, from a
reference density, ρref, hence, µ = 0 in the inversion calculation.

•To determine vX arising from ρref, we include a penalty term to
the HF energy,

1

2ε
⟨J(ρD − ρref) , ρD − ρref⟩

where, ρref is the target density.

•The penalty term guides the proximal point to the reference den-
sity as ε → 0+.

•When expanding the penalty term we get an extra 1/ε worth of
direct Hartree energy added to Eε(D),

Eε(D) = E(D) +
1

ε
⟨J(ρD) , ρD⟩ −

2

ε
⟨J(ρD) , ρref⟩ +

1

ε
⟨J(ρref) , ρref⟩.
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Determining the exchange potential

•We have four different methods to
determine the exchange potential,

Fα,ξ(ρ) = T (ρ) + α⟨vext , ρ⟩
+ ξ⟨J(ρ) , ρ⟩,

vX = (α− 1)vext + (ξ + σ)J(ρD)

− (σ + 1)J(ρref),

where α, ξ ∈ {0, 1} and σ = 1/ε.

•Gives a quantitive way to monitor
convergence.
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Error Analysis

•Adding a perturbation, δρ, to the reference
density, ρ̃ref = ρref + δρ, such that δρ trun-
cates ρref.
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Non N-representable density

•Constructing a reference density that is not
N-representable, specifically having negative
regions in the unit cell.
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