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Introduction to density-functional theory

a

R 1 1 1
H(U>:—§ZV?+§ZW+ZU(PJ‘) (rl,...,I‘N)ERSN
j k#j I j
¥ RN = C, Py = N/RB(N1> |y (v, p) = /vp
E(v) = ig;f (W[H (v)]) F(p) = sgp{E(v) — (v, p)}
=inf {F(p) + (v, p)} = inf Tr HoI'
p Fi—p
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Hohenberg—Kohn theorem (conjecture?)
Suppose pg. is a ground density of H (v;), i = 1,2

E(v;) = min Tr HoT +(v;, pas)

= pgs

~—_———
independent of v;

—> H(v;) and H(v,) share a ground state ¢y —>

subtracting {I?(“l)q/’ = E(n)y

H(vo)yp = E(va)y

independent of z;

N

(v1(r1) = va(r)r = (B(n) = B(va) = 3 (un(ry) = valry)) )
=2
&

If 4» # 0 (a.e.), “UCP” in the math. litt., then v; — v9 = constant.
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DFT: (F, E) conjugate pair
F(p) = sgp{E(v) — (v, p)}

E(v) = inf {F(p) + (v, p))

In general: E(v) — F(p) < (v, p)

and equality for a ground-state pair (v, p)
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Example: conjugation of a simple function

(o) = {W, il <1,

00,

if |p| > 1

9

A
/
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27 Y
e(v) = inf(f(p) +vp) = { —1o?,
%—i—v,
f(p)
pv
2 3
e(v)

Smoothing the Landscape:

ifv>1,
if [v] <1,
if v < —1.
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Moreau-Yosida regularisation in DFT

2 Moreau-Yosida regularisation in DFT
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Moreau-Yosida regularisation

Duality mapping Jqua : X — X* (X str. convex and reflex., X* uni. convex )
Density space: N-rep C X o p Potential space: X* > v
Definition

Let ' : X — RU {+o0} convex and lower semicontinous functional. For some
e > 0, the Moreau-Yosida regularisation of F is

F(p) = inf {F(0) + £llo — pl% ]

of = argmin { F(o) + £l — pl% }
oeX

Why? F(p) in std DFT is everywhere discontinuous, P. Lammert [1]
Introduced into DFT by Kvaal et al. [2]
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A Lossless Regularisation
E——— F*

E*(v) = inf {F*(p) + (v.)}

c g
E*(v) = E(v) — 5||UH$; < , e

The regularisation retains the ground-state energy and achieves diff.

5

1
Ug(p) = _%Fg(p) = ngual[pE - P]

Quantitative HK:
13 (> C
[v5(p1) — v*(p1)[lx+ < ;Hm — p2llx
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Example: Regularization of a simple function

1 1 2 .

12 iflpl <1 ptac(l-p)7 Hfp=lte

f(p): 2 . B = fs(p): ﬁ? |f ‘p‘§1+g’7
o If|p|>1 1 1 2 f

3+al+p)? ifp<—1-c
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The Kohn—-Sham Approach

Interacting electrons
) 1 , 1 1
0= =g 2 Vit g 2 gy 2 venlr)
J k#j J
- pgs
Non-interacting electrons (KS system)
A 1
Hgs = D) Z V? + Z [Uext(rj) + 'UH(rj) + ch(rj)]
J J

Exchange-correlation potential vy, +— unknown

The forward problem: o
Given a vy and an approximate Exc, i.€., vy, determine pgg &%,
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The Inverse Kohn—-Sham Problem

experiments
ﬂntum Monte-Carlo
Pgs FCI

coupled-cluster

The reverse problem:
Given a p,s, determine vy

Why? '
others
Better understanding of F(p)
Additional constraints for F'(p) to use
when designing approximations
(¢)
%
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Moreau-Yosida inversion scheme

3 Moreau-Yosida inversion scheme
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Kohn-Sham model functional

Recall s
K
A 1
Hgs = ) Z V? + Z [Vext (1) + v (r;) + Vxe(T;)]
J J
Given py, let
F(o) = T(o) + Eulp) + [ v

Minimise

Elpipgs) = F(p)+ ~llp—pesllxy over peX (1)

NoXc  targets xc as e — 0+
Proximal density, unique minimiser of £:

Pgs = argmin &(p, pgs)
e &
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The Exchange-Correlation Potential
Since F=(p) is differentiable,

5 1
Ve = =5, (0ss) = ZJauailpge — o

Theorem. [3, 4] Exchange-correlation potential obtained from

. .1
ch(r) = 51_1)%1+ U)E(c = 5—1>Ig)1+ ngual [p;s - pgs] (I‘)

The form of J4.. depends on the choice of X:
Ex1. X = L2 — Jjua = I (van Leeuwen & Baerends)
Ex2. X = homogeneous Sobolev space = Jauai(p) = vu(p) (ZMP)
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Sketch of proof: By assumption vkg exists s.t. the KS system “gives” pg:

min(T(p) + (vks; p)) = T (pgs) + vks 3 0 (2)
mpin(]:(p) + (vxe, p)) <= | 0F (pgs) + vxc 3 0 3)
()
Moreau-Yosida:
: 1 2 € 1 5
min {F(p) + %o~ pusllp } <= |0F (%) + ~Jawa (0 — ) 20| (4)

(%)

(%), (#%) and ps; — pgs @S € = 0+ = vxe = limes01 £ Jaual(Pfs — Pgs)
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Error Bounds

exp. noise

Inexact density: change of basis

truncations

i

Pgs = Pgs + Ap

j

poor convergence

others
The total error

[oxe = Oxell e < loxe = v5ellxe 4 05 = Vsell x- (5)

terminating at finite e~ using inexact pgs
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Energy error splitting

Kim, Sim and Burke [5]: Density-driven error

AE = E(pgs) — Eappr(pgs + Ap)
= (E(pgs) — Eappr (Pgs)) + (Eappr(PgS) - Eappr(Pgs + Ap)) (6)

~
error from functional error from density

We borrow the term “density-driven” when we speak of errors in the potentials
caused by inexact densities:

1+ Qe
9

[= 1Apl[x

xc 6}ic”X* <
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Non-Expansiveness of p — p°

Hpis - ﬁsgsHX < ”Pgs - ,5gSHX = HAPHX

Q_(Ap)

_ ek = P&l

Q:(Ap) =

180l x

—<—FE =10
X Ecut =15
—r— Ecut =20

—x—FE_, =30
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The Inversion Algorithm with error Ap

E Uxc Pgs
= Pgs = Pgs + Ap

g b s

= (75 = argmin, £(pif) | 2
g S% ! ie
: (55 = 2055 — )|
= R T .

i al—igh Uxe 1—1>%1+ Pes i
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Convergence: Bulk Silicon

10! ¢

10° f == Eq =10, |Ap| =15 x 107"
—¢— B =15, | Ap| =70 x 107"
—e— B =20, | Ap| = 4.6 x 107°
—— By =25, | Ap| =3.3x107°
—— Ecut - 3Ov ” Ap" = 2.7 X 1075
10 [ —— Ey =35 |Ap| =31 x107°
—— Ecut - 457 H Ap" - O

” U)Ecc - ’UXCHV

10" 107" 1072 1073 1074 107° 1076 1077
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Conclusion

Regularization as a bridge between approximate and exact DFT
Mathematical framework
Algorithm for determining xc potentials

Development of approximate functionals
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