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Density-Functional Theory

Hy
fI(v):—EZVM}Z#JrZU(rj) (f+AVT/+17>
2 ; J 2k#j]rj—rk] ;
. 3N _ 2 —
P : R = C, pr/RS(NI)WI <v,p>/vp
B(v) = inf (v H]w) Flp) =sup {E(v) = (v, p)}
=inf{F(p) + (v, p)} = inf Tr HoT
P I'—p

22 PiPy;=

= inf prj (| Holwy)
j
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The Kohn—-Sham Approach

Interacting electrons

~ 1
H = 2; Z‘r]_rk|+zvext r;)

Non-interacting electrons (KS system)
~ 1
Hys = —5 D VI vext(r5) + va(rs) + vxe(r;)]
J j

Exchange-correlation potential vy, +— unknown

The forward problem:
Given a vex; and an approximate Ey, i.€., vy, determine pgg
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The Inverse Kohn—-Sham Problem

experiments
ﬂntum Monte-Carlo

coupled -cluster

The reverse problem:
Given a p,s, determine vy

Why? '
others
Better understanding of F(p)

Additional constraints for F'(p) to use

when designing approximations
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Moreau-Yosida Regularisation
Duality mapping Jquai : D — V

Density space: N-rep C D> p Potential space: V =D* > v

Definition

Let D be uniformly convex and F' : D — RU{+o0} convex and lower semicontinous
functional. For some ¢ > 0, the Moreau—Yosida regularisation of F' is

. 2
F(p) = inf {F() + &llo — I3}

o = argmin { F(o) + Lo — pl[3 }
oc€D

Why? F(p) in DFT is everywhere discontinuous (P. Lammert)

Introduced into DFT by Kvaal et. al
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A Lossless Regularisation
E(v) = inf {F*(p) + (v p)}
E=(v) = E() - Soll}.

The regularisation retains the ground-state energy

Consequence of infimal convolution and (F, E) being a convex-concave
(“conjugate”) pair
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Inversion Scheme

2 Inversion Scheme
“KS” model Functional
Exchange-Correlation Potential
The Inversion Algorithm
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“KS” model Functional

Recall vKS
K
R 1 -
HKS = —5 Z V? + Z [Uext(rj) + UH(rj) + ch(rj)}
7 J
Given ps, let
J’-'(p) — T(p) + EH(p) + /Qvextp

Minimise

Epipes) =F(p)+ Llp—pesll over peD (1)
S~~~ —

NoXC  targets xc as e — 0+

Proximal density, unique minimiser of £:

i = argmin €(p, pys)
o< &
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The Exchange-Correlation Potential
Since F=(p) is differentiable,

5 1
Ve = —%F(p;) = ngual[pés — Pgs]

Theorem. [1, 2] Exchange-correlation potential obtained from

. 1
Uxe(T) = EE%L Uge = Eg%L g‘]dual [Pés - PgS] (r)

The form of J4,.1 depends on the choice of D:
Ex1. D =L? — Jjuu = I (van Leeuwen & Baerends)
Ex2. D = homogeneous Sobolev space — Jguai(p) = vu(p) (ZMP)
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Sketch of proof: By assumption vkg exists s.t. the KS system “gives” pg:

min(T'(p) + (vks, p)) <= 0T (pgs) +vks 30

p

min(F(p) + (Uxe, p)) <= |OF (pgs) + vxc 3 0

p

Moreau-Yosida:

min {F(p) + %o - pesllp} =

-~

(%)

1
Q’F(pgs) + ngual(sz - pgs) 50

(+)

(), (x+) and pgg — pgs @S € = 0+ == vxe = lime 0+ %Jdual(pgs — Pes)
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The Inversion Algorithm with error Ap

E Uxc Pgs
= Pgs = Pgs + Ap

g b s

= (75 = argmin, £(pif) | 2
g S% ! ie
: (55 = 2055 — )|
= R T .

i al—igh Uxe 1—1>%1+ Pes i
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Implementation: Periodic Systems g
-0

o

19

: * 0°.®
D=H I(Q,(C) V=D :Héer(g’(c) O. ) 3

per

. o
Periodic Sobolev spaces [3] .Q..O ‘

2 —~
s, = 301 +1GPR) [acl
G

The duality mapping Jaua : D — V,

Jdual[p](r) = ((I) * p)(r) = /IR3 Zm"ofx_)X’e—r—ﬂ dx
0‘9\9%)
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Numerical details
KS-DFT implementation: parametrize pg, in terms of orthonormal orbitals
D= (Y1,...,¥N,), Jo i = i

Planewaves (PW) eg(r) = |Q|1/2e/G T
Fourier space cutoff: ]G\z < 2Fcut

Coulomb energy replaced by: Ex(p) = > g4 ‘IﬁC?ILQ

PsP approximation for vext
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Numerical details

Direct minimization in terms of orbitals (Stiefel manifold):
pa(r) =Y filti(r)”
=1
enabling to rewrite the minimization of
E@.p) = Y /Q Vil + Eu(pe)
=1

1
+ / Vext PP + ?Hp‘b - pgS”%
le) 3

with respect to the orbitals ®. (Spin-unpolarized f; € {0,2})
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For the particular choices of density- and potential spaces

1 €.(x)— X
Uxe = lim / —pgS( )~ s )e_|r_x‘ dx
0t € Jps Amr — x|
1 Pes)a — (P,
— lim - Z (Pgs)G <p2gS)G€G(I')
€—>0+€G¢0 1+ |G|

In practice: Fourier space cutoff, |G|* < 2Ey
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Results

3 Results
Bulk Materials
Error Bounds
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Bulk Silicon

e=10x 10‘? £=32x 10‘76 e=10x10""° -
e=18x10" e=10x10" ‘ — T Uxe

0.1 r
E 0.0 r
g —0.1
>
—0.2
—0.3 r
5 10°
=100
C o2t
g 3
2 10 o /1
= g AT |
= 10 51 ) ‘ \ \
Q — L | |
~ 10 i | i | i l \ l ]
o) (001) o (110) 0" Si (111) Si O
&,

Implementation on github.com/mfherbst/supporting-my-inversion
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https://github.com/mfherbst/supporting-my-inversion

Error Bounds

exp. noise

Inexact density: change of basis

i

truncations

Pgs = Pgs + Ap

j

poor convergence

others
The total error

[oxe = Uelly < Jloxe = v5elly 4 [loxe = Welly (6)

terminating at finite e~ using inexact pgs
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Energy error splitting

Kim, Sim and Burke: Density-driven error

AE = E(pgs) — Eappr(pgs + Ap)
= (E(pgs) — Eappr (Pgs)) + (Eappr(PgS) - Eappr(Pgs + Ap)) (7)

~
error from functional error from density

We borrow the term “density-driven” when we speak of errors in the potentials
caused by inexact densities.
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Convergence: Bulk Silicon

10! ¢

10° f == Eq =10, |Ap| =15 x 107"
—¢— B =15, | Ap| =70 x 107"
—e— B =20, | Ap| = 4.6 x 107°
—— By =25, | Ap| =3.3x107°
—— Ecut - 3Ov ” Ap" = 2.7 X 1075
10 [ —— Ey =35 |Ap| =31 x107°
—— Ecut - 457 H Ap" - O

” U)Ecc - ’UXCHV

10" 107" 1072 1073 1074 107° 1076 1077
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Non-Expansiveness of p — p°

HPZS - ﬁEgSH'D < Hﬂgs - ﬁgSHD = HAPHD

Q_(Ap)

I

Qe(Ap) =

1Apllp

—<—FE =10
X Ecut =15
—r— Ecut =20

—x—FE_, =30
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Conclusions

Mathematically rigorous inversion scheme
Rigorous error estimates
Practical use case of Moreau—Yosida regularisation

First systems studied: Si, GaAs, KCI
Implemented using DFTK. j1 [4] @ D FT K
Outlook

More complicated systems
Reference densities from other sources
Further error analysis

Investigate proximal point algorithms o
%
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Thank you for your attention!
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