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Density-Functional Theory

o
1 .
—2;v§ Z]r]—rk\+z () (T+AW+7)
Y : RN - C, py = N/RMU |12 (v, p) = /v,o
B(v) = inf (¢|H]y) F(p) =sup{B(v) = (v, p)}
=inf {F(p) + (v, p)} = inf Tr HoI'
p Fi—p

= =Zin1£ ij wJ‘HOWJJ>
P ]pw] j 6\9%)
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Hohenberg—Kohn theorem (conjecture?)
Suppose pg. is a ground density of H (v;), i = 1,2

E(v;) = min Tr Hol +(v;, pas)

= pgs

~———
independent of v;

— H(v;) and H(v,) share a ground state ¢y —>

subtracting {I?(“l)q/’ = E(v)¢

H(vo)yp = E(va)y

independent of z;

N

(v1(w1) = va(a) = ( B(or) = B(va) = Y (v1(w;) = valey)) )
=2
&

If 4» # 0 (a.e.), “UCP” in the math. litt., then v; — v9 = constant.
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DFT: (F, E) conjugate pair
F(p) = Sgp{E(v) — (v, p)}

B(v) = inf {F(p) + (v, p))

In general: E(v) — F(p) < (v, p)

and equality for a ground-state pair (v, p)
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Example: conjugation of a simple function

L2 ] < 1 %—v, ifvo>1,
fp) = 2P . PL=5 e(v) = inf(f(p) +vp) = ¢ =202, if v <1,
oo, if|p|>1 P 1 .

5+, ifv<—1

.

l—‘\
>
<

5
e(v)
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Moreau-Yosida Regularisation
Duality mapping Jquai : D — V

Density space: N-rep C D> p Potential space: V =D* > v

Definition

Let D be uniformly convex and F' : D — RU{+oc} convex and lower semicontinous
functional. For some ¢ > 0, the Moreau—Yosida regularisation of F' is

. 2
F(p) = inf {F(o) + &llo = plf3 }

of = argmin { F(0) + Lo — ol }
oD

Why? F(p) in std DFT is everywhere discontinuous, P. Lammert [1]
Introduced into DFT by Kvaal et al. [2]
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A Lossless Regularisation
E——— F*

E*(v) = inf {F*(p) + (v, n)}

c g
E*(v) = E(v) — 5||UH$; < , e

The regularisation retains the ground-state energy and achieves diff.

5

1
v (p) = —%F‘E(p) = ngual[pE — ]

Quantitative HK: c
[v¥(p1) — v (p1)llv < ;Hm — pa|lp
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Example: Regularization of a simple function

s+5(1-p2 ifp>1+e,

1.2 i 2e
2P if |p| <1 2 .
flo)=92"" = fp) = stm=y iflpl <1+e,
oo, if|p|>1 e 2
§+%(1+p)7 'PS—l—E-

Moreau-Yosida Regularization of fip)
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The Kohn—-Sham Approach

Interacting electrons
) 1 , 1 1
0= =g 2 Vit g 2 gy 2 venlr)
J k#j J
- pgs
Non-interacting electrons (KS system)
A 1
Hgs = D) Z V? + Z [Uext(rj) + 'UH(rj) + ch(rj)]
J J

Exchange-correlation potential vy, +— unknown

The forward problem: o
Given a vy and an approximate Ex., i.€., vy, determine pgg &%,
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The Inverse Kohn—-Sham Problem

The reverse problem:
Given a p,s, determine vy

Why?

Better understanding of F(p)
Additional constraints for F'(p) to use
when designing approximations

experiments
quantum Monte-Carlo
Pgs FCI
coupled-cluster

others

o
W
&%

A. Laestadius Perspectives on Mathematical Pathways in Density-Functional Theory 2025/09/09 1/41



MY reg. inversion scheme

2 MY reg. inversion scheme
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“KS” model Functional

Recall )
KS
. 1
Hgs = —5 D VI Tvext(rs) 4 va(ry) + vxe(r;)]
j j
Given pgg, let
F(p) = T(p) + Eulp) + /Q Vet

Minimise

E(p;pes) =F(p)+ Lllp—peslly, over peD (1)
S~ —

NoXC  targets xc as e — 0+

Proximal density, unique minimiser of £:

Pgs = argmin &(p, pgs)
o< &
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The Exchange-Correlation Potential
Since F=(p) is differentiable,

5 1
Ve = =5, (0ss) = ZJauailpge — v

Theorem. [3, 4] Exchange-correlation potential obtained from

. .1
ch(r) = 51_1)%1+ U)E(c = 5—1>Ig)1+ ngual [p;s - pgs] (I‘)

The form of J4,. depends on the choice of D:
Ex1. D =L? — Jju = I (van Leeuwen & Baerends)
Ex2. D = homogeneous Sobolev space = Jyua(p) = vu(p) (ZMP)
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Sketch of proof: By assumption vkg exists s.t. the KS system “gives” pg:

min(T(p) + (vks; p)) = T (pgs) + vks 3 0 (2)
mpin(]:(p) + (vxe, p)) <= |0F (pgs) + vxc 3 0 3)
()
Moreau-Yosida:
: 1 2 € 1 5
min {F(p) + %o~ pusllp } <= |9F (%) + ~Jawa (0 — ) 20| (4)
(%)

(%), (#%) and ps; — pgs @S € = 0+ = vxe = limes01 £ Jaual(Pfs — Pgs)
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The Inversion Algorithm with error Ap

= Pgs = Pgs + Ap
= b i3
= (75 = argmin, £(pif) | 2
g S% ! ie
: (55 = 2055 — )|
- PRRPEC, SR ¢ _____ 47 \
i al—igh Uxe 1—1>%1+ Pes i
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Error Bounds

exp. noise

Inexact density: change of basis

truncations

i

Pgs = Pgs + Ap

j

poor convergence

others
The total error

[oxe = Uelly < Jloxe = v5elly 4 [loxe = Wielly ©)

terminating at finite e~ using inexact pgs
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Energy error splitting

Kim, Sim and Burke [5]: Density-driven error

AE = E(pgs) — Eappr(pgs + Ap)
= (E(pgs) — Eappr (Pgs)) + (Eappr(PgS) - Eappr(Pgs + Ap)) (6)

~
error from functional error from density

We borrow the term “density-driven” when we speak of errors in the potentials
caused by inexact densities:

L+ Qe
9

[ 1Apllp

P

_ﬁicHV <
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Non-Expansiveness of p — p°

Hpgs - pgsHD = Hpgs - pgSHD - H pHD Q€( P) - Ai
1Apllp
10° —=
10t
<
3 2
SR —— B — 10
X Ecut =15
—r— Ecut =20
1073 r o Loy = 25
X Ecut =30
0 —1 —2 —3 —4 —5 —6 —7
10 10 10 10 ) 10 10 10 10 oq,o%)
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Convergence: Bulk Silicon

10! ¢

10° f == Eq =10, |Ap| =15 x 107"
—¢— B =15, | Ap| =70 x 107"
—e— B =20, | Ap| = 4.6 x 107°
—— By =25, | Ap| =3.3x107°
—— Ecut - 3Ov ” Ap" = 2.7 X 1075
10 [ —— Ey =35 |Ap| =31 x107°
—— Ecut - 457 H Ap" - O

” U)Ecc - ’UXCHV

10" 107" 1072 1073 1074 107° 1076 1077
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MY reg. inversion scheme

2 MY reg. inversion scheme
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The Dicke Model

Two physically different subsystems — matter and light

N two-level fermionic systems -~ @ —mi---- 1)
Individually coupled to M modes of a quantized

radiation field, described as quantum harmonic

oscillators
Susceptible to a “DFT program” W/\AWI\A@ %
We can achieve considerable more mathematically than

for standard DFT

results concerning v-representability
properties of the universal functional @

(®)
™ 4%)
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Function spaces

Hilbert space: H = Hpn ® Hs
Hon = @Y L2(R) and Hy = @™ C2 ~ 2"
"~ L2RM) @ Cc?" ~ L2(RM c?")
Inner product (-, -) on L2(RM c2"),
(0.8 = 3 9%) = / AN (g () dx,
« o1,.. ,aNG{—i-, R

¥* is the spin projection of v corresponding to the eigenvector of the lifted Pauli
matrix o indexed by the multindex o € {+, —} V.
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Notations

Forany j =1,..., N, we have set

ol =1®..81% 0, ®1®...1€ 2 *2"
i
J

where the Pauli matrices are given by

(01 (0 ) g s (O
92=1\1 0) @ \i o) %= \o -1/

Vector of lifted Pauli matrices

N
1 NN\T 2N x 2N
0,=1(0g,...,0,) E(C x )
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Dicke Hamiltonian

“Internal” part of Hamiltonian Hy : H — H,

Ho=(—-A+ |X|2)1C2N +x-Ao,—t o,

Ao, is to be understood as the M-vector of 2V x 2N matrices

N N T
AO’Z = (ZAan’?,...,ZAMnO'?> .
n=1

n=1
Set V(x) = (x+ %AO‘Z)Q,
1
Hy=-A+V -t o, 0. (ATAo),

H, is bounded from below
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Dicke Hamiltonian

Full Hamiltonian
2v
H(v,j)=Hy+v-0,+j-x (8)
Where the external potentials are
v eRY, jeRM

Ground-state energy

B(v.j)= jnf @.Hv.$) (9
lll=1

Qo = Q(Hp) = Q(—A+ V) form domain of H
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Internal “density” variables

Definition (Magnetization vector and photon coordinate)
For v» € H, we define

(¥, 0:9)
oy = (P, 0.0) = : e[-1,1]N cRY
(¥, 02 9)

&y = (Y, x1p) = /RM x|p(x)*dx € RM.
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Theorem (Hohenberg—Kohn)

Suppose that 1), 3 € Qq are ground states of H(v(Y),j1) and H(v(®),j?)
respectively.

Ifo = 0,0 = 040 and & = €,0) = &y, then 1) is also a ground state of
H(v®,j®) and ¢ is also a ground state of H(v(1), j(1)).

Furthermore, j = j) = j? and

(Regular case) If o is regular, then v\ = v(2).

(Irregular case) Otherwise, for all o € IV) U I®) there holds
> (0Naa(vy) —v?) = EvW,j) - Ev®,j), (10)

where 1¥) denotes the set of spinor indices o for which (1)) # 0.
&%,
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Regular case: Examples N =1,2

= = (_17 1)
= 2. Ro C (—1,1)? is the union of 4 congruent open triangles.
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Example N =3

The set R3 C (—1,1)3 is the union of 24 congruent open tetrahedra.
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The regularity property of o can be seen in analogy to finite-lattice DFT [6,
Cor. 10].

Unlike the HK theorem for the electronic Hamiltonian, the potentials are
completely determined in the regular case, i.e., not only up to an additive
constant.

The HK itself is nonconstructive, more precisely, it only states the injectivity of
the “potential to ground-state density map” (v, j) — (o, &) and not its
surjectivity.

Whenever (a,¢) € [-1,1]Y x RM is the ground-state density of H(v, j) for
some (v,j) € RV x RM we say (o, £) is v-representable.
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Levy-Lieb functional

HK theorem = we can formulate the ground-state problem

B(v.j)= jnf (4, H(v.j)e) (11)
=1

in terms of the density pair (o, ).

We introduce the constraint manifold that collects all states that map to a given
(UaE) € [717 1]N X RM,

MG,EZ{"/)EQO: H'wH:l’ Oy =0, £¢:£} (12)
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E(v,j) = 1pmf (b, H(v,j))

llpll=1
] M f . f ’H ’ .
(075)6[—1?,1]N><RM _welil/lo,g@b (v J)¢>] -
= inf inf H o, ’..
(0-75)6[_1?’1]NXRM 1,[’61.}\1/[0.7£<¢’ 0¢> + <'l,b,V o 1ﬂ> + <1/) j X'I’b>]
= inf -F _ .
(076)6[,111171]N><R]W L LL(U)E) +v-.-o +J £i|
O“}lo%,\
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Levy-Lieb (universal density) functional

Definition

For every (0,¢) € [-1,1]Y x RM the Levy-Lieb (universal density) functional
Fp:[-1, 1]V xRM s Ris

FLL(O-a £) = ¢€i}\l/£:-,g <’¢7 H0¢> (1 4)

Immediate question: Is the “inf” in the definition of Fy, attained?
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Theorem (Existence of an optimizer for Fi)

For every (o,€) € [-1,1]Y x RM there exists a+ € M ¢ such that

Fr(o,§) = (¢, Hotp).

Proof is somewhat different from the analogous one in standard DFT [7] and,
e.g., generalization to paramagnetic current-DFT [8, 9]:

there, one exploits the density constraint on the wavefunction to obtain the
tightness of the optimizing sequence.

In our case, the trapping nature of Hy provides compactness.
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Property of I,

Trial state constructions to derive useful properties of Fy ..

Theorem (Displacement rule)

For every (o,€) € [—1,1]Y x RM the following hold true:

Fin(o,8) = Fin(o,0) + £ - Ao + [¢]*.
Or more generaly, for any ¢ € RM,
FiL(o,6+¢) = FiL(o,€) +2¢ - £+ ¢ - Ao + [¢[
Displacementrule — & — Fr1(o, &) is smooth and convex for every fixed
o< 1,1V,
&%,
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Optimizers

Constrained opt: Minimize
(Y, Hopp) st v eMye={peQo:|[¢]=1 04 =0, & =&}. (15)

The tangent space of M, ¢ at ¥ € M, ¢ is given by

To(Mog) = {x € Qo: (¥.3) = 0, (a1p,%) = 0, (xap,x) = 0].
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Theorem (Optimality)

Let (o,¢) € Ry x RM and suppose that ¢ € M, ¢ is an optimizer of Fy1,(o, €).
Then there exist Lagrange multipliers E € R, v € RY and j € RM, such that
satisfies the strong Schrédinger equation

H(v,j)y = E (16)

and the second-order condition
(., H(v,))x) > El|x|*, (17)

for all x € Ty (Mg ¢). Moreover,
Fip(o,8) = (. Hp)=E—-v-0—-j-& (18)
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The second-order information (17) about a minimizer gives a result which is
analogous to the Aufbau principle in Hartree—Fock theory.

Theorem (Optimizers are low-lying eigenstates)

Let (0,&) € Ry x RM, and suppose that € M, ¢ is an optimizer of Fy1,(o, €),
with Lagrange multipliers E € R, v € RY andj € RM, so that (16) and (17) holds
true. Then ) is at most the (N + M)th excited eigenstate of H(v, j).

Any (o,¢) € Ry x RM, while not proven to be pure-state v-representable in the
usual sense, can be called “low-lying excited-pure-state v-representable”.
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The Universal Density-Functional \/ = N =1

Hi(o.6) = min (. Hiy)  F(0,€) = max(E(v,j) —vo —je)

Hg‘ = (—A + ’w‘Q)lc2 + )\$Uz —tog

Corollary (M = N = 1)

Consider a regular density pair (c,¢) € (—1,1) x R. Then the following holds:
(v-representability) The (o, &) is uniquely pure-state v-representable.
(equivalence of functionals) F{} (o,¢) = F{ (o, €).

(differentiability) The FY\ is differentiable at (o, ¢) and (v, j) = —V F}\ (c,€) is
its representing external potential pair.
&%,
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Addiabatic connection formula

A
F\(0,6) = FO(0,6) + / (W, 204") dv

where
Y =¥ (0,§) = argmin(yp, Hy1p)
¢6MU,§
Fo(0,8)=1—t\/1—02+¢€2
In addition,

A
| @y dy = rag — 331 - o) 4 o),
0

A
Po)~= [ | @07, w(0.07)-dwds
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Thank you for your attention!
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