o
v
& %,

Density-Functional Theory
Exemplified

By Application to a Quantum Electrodynamical Model

Vebjorn H. Bakkestuen

OSLO METROPOLITAN UNIVERSITY
STORBYUNIVERSITETET



Acknowledgements

With A. Csirik,! M. Penz,!-2:34:5 V. Falmar,! M. Lotfigolian,*
M. Ruggenthaler,*®> and A. Laestadius.!¢

/ ’A » N

Department of Computer Science, Oslo Metropolitan University

Arnold Sommerfeld Centre for Theoretical Physics,
Ludwig-Maximilians-Universitat Munich

Munich Center for Quantum Science and Technology

Max Planck Institute for the Structure and Dynamics of Matter and )
Center for Free-Electron Laser Science European Research Council
The Hamburg Center for Ultrafast Imaging Fetablished by the European Commission
Hylleraas Centre for Quantum Molecular Sciences, University of Oslo

(o)
Funded under ERC StG No. 101041487 REGAL &%,

Vebjorn H. Bakkestuen Density-Functional Theory Exemplified 20th October 2025 1/16



on March 12,

THE JOURNAL OF

CHEMISTRY %

=D
This et e s ncer CC.Y 4.0 @ ®

ey

Quantum-Electrodynamical Density-Functional Theory Exemplified

by the Quantum Rabi Model

Published as part of The Journal of Physical Chenmistry A special issue “Trygve Helgaker Festschrift’
Vebjorn H. Bakkestuen, Vegard Falmir, Maryam Lotfigolian, Markus Penz, Michael Ruggenthaler,

and Andre Laestadius™
Cite This: . Phys. Chem. A 2025, 129, 23572360

ACCESS| Ll Metrics & More

E Read Online

| [EE Avicle Recommendations

ABSTRACT: The key features of density-functional theory (DET)

within 3

them to esablshed resuls fom QEDFT. W perelrtan =s
for the adiabatic connection that is almost explicit in the density
bounded both analytically and numerically. This allows several key

1. INTRODUCTION
: Prebde and Overiew. The sindy of lght—mtier

ractions forms the basis for understanding a wide rang
Phenomens whor et are marumentl o measring Eo

coupling t on field, a process that is described by
s o (QED) " Whie the qentiation
of the electromagnetic field is often considered to only be
relevant for high-energy physics, QED effects, such as
spontaneous emission o the Purcll effect, also occur in th

hown ot i ol onments, such s Fabny-Phsor
cavities, changes in the quantized light fild can_ modify
Chemicland material propertes cven 3t equilbiom.
therefore become increasingly relevant to extend well-
sablched frstprindpes methods, uch s dey fncioal
theory (DFT) andcoupled-luster theory, o encompass
QEpe

Due to its computational simplicity, DFT s the method
predominanly wsed when studing guanum gntems il

wmbers of particles. In Nbody w

o o tonc Atmenslm\xlm/—\& repliced by
e one body panice deniy. This dmensioml reducion
preciscly why DFT calculations provide effective approxima
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(v,7) = (0.€)

variables, up to only a nonexplicit correlation term that gets
features of DFT to be studied without approximations.

tions and thus have become an indispensable tool across many
fields, such as chemistry, materiss science and solid-state
physics. " Since the seminal

Kot Kobin and Shan,* and Lich,* signifcant eforts have

been devoted both to the numerical and mathematical
developments of DFT. Besides, moti its extremel
clegant formulation in terms of conves analyss, 3 perspective

toward DFT has emerged that makes it more than just n
approximation method. The concave form of the ground:state
energy in terms of the external potential naturally yields the
universal fanctionsl as it Legendre-Fenchel transform. Then

Hohenberg—Kohn theorem is the statement that the
subiifferential of the universal functional just contains 3 single

clement (see lso Section 14) and vrepresentability connects
ol o dferntbiyof s sl The vl o DFT
dy quantum

i round e T i semae, DIT ca e
eferred to more as a discovery than an invention.” The DET

Received: November 13, 2024
Kokl a5 2055
Accepted: January 14, 202
et Febmary 15,2035

Density-Functional Theory Exemplified

Journal of Statistical Physics (2025) 192:61
https://doi.org/10.1007/510955-025-03442-9

®

(hedifor
Py

Density-Functional Theory for the Dicke Hamiltonian

Vebjorn H. Bakkestuen '@ - Mihaly A. Csirik 2@ - Andre Laestadius '@ -

Markus Penz '3

Received: 26 September 2024 / Accepted: 29 March 2025

©The Author(s) 2025

Abstract

A detailed analysis of d functional theory for q model sys-

tems s provided. I ! Rabi model. the Di anda
of the latter to multiple modes are considered. We prove a Hohenberg-Kohn theorem that
manifests the magnetization and displacement s internal vaxiables.along with several rep-
results. The for pure states and ensembles are
introduced and analyzed. We find the optimizers for the pure-state constrained-search func-
tional to be low-lying eigenstates of the Hamiltonian and, based on the properties of the
ptimizers, we formulate an adiab formula. In the reduced case of the Rabi
model we can even show differentiability of the universal density functional, which amounts
{0 unique pure-state v-representability.

Rabi model - chke model -

Keywords Non-relativistic quantum electrodynamics
D | theory - Hohenb: Kohn theorem -

physics

1 Introduction

Quantum electrodynamics (QED) is the fully quantized theory of matter and light [17, 47].
It describes the interaction between charged particles through their coupling to the electro-
magnetic field. Apart from high-energy physics, particularly in the domain of equilibrium
condensed-matter physics, non-relativistic QED in the shape of the Pauli-Fierz Hamilto-
nian [52] is considered sufficient to describe interesting effects, such as the modification of
chemical and material properties [12, 15, 45]. In order to explain those, and due to the high
number of involved particles and ensuing of the problem, well first-
principle imation methods, such as density-f I theory (DFT), were adapted for
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Light-matter systems
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The Hohenberg—Kohn Theorem |
Lemma (Weak Hohenberg—Kohn theorem (HK1))

Suppose 1,1, € Qo are ground states of H (v, j1) and H(va, j), respectively.
If both 1,12 — (0,§), then i is a ground state of H(vy, j1) and v, is a ground
state of H (v, ja2).
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The Hohenberg—Kohn Theorem |
Lemma (Weak Hohenberg—Kohn theorem (HK1))

Suppose 1,19 € Qo are ground states of H (v1,71) and H (va, j2), respectively.
If both 1,12 — (0,§), then i is a ground state of H(vy, j1) and v, is a ground
state of H (v, ja2).

Lemma (HK2)

If two Hamiltonians H (v1,41) and H (va, jo) share any ground state then vy = v,
and ji = jo.
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The Hohenberg—Kohn Theorem i
Theorem (Standard Hohenberg—Kohn Theorem [3])

For an electronic system, the ground-state density p(r) determines the potential
v(r) up to an arbitrary additive constant.

p(r) — v(r) + const.
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The Hohenberg—Kohn Theorem i

Theorem (Standard Hohenberg—Kohn Theorem [3])
For an electronic system, the ground-state density p(r) determines the potential
v(r) up to an arbitrary additive constant.

p(r) — v(r) + const.

Theorem (Hohenberg—Kohn Theorem for QRabi)
Any density pair (0,&) € (—1,1) x R uniquely determines an external pair (v, j) €
R2. That is, the Hohenberg—Kohn mapping

(=1,1) xR 3 (0,€) — (v, ) € R?

is a bijection. %,
v g N
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The Levy-Lieb Functional
MU,E = {¢ €Qo: W” =1L ¢~ (07 6)}

Ev,j) = jnf (W1, )|Y)

0
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The Levy-Lieb Functional
MO’,f = {¢ €Qo: W” =1L ¢~ (07 6)}
Ev,j) = jnf (W1, )|Y)

= inf inf BN + v + i
I B R R
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The Levy-Lieb Functional
MO’,f = {¢ €Qo: W” =1L ¢~ (07 6)}

EMNw,j) = ot (| HMw, §)|v) recall X =[-1,1] xR

0

— inf inf H ) +vo + §
(.£)eX [veMy W‘ o|¢> J€
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The Levy-Lieb Functional

MO’,f = {¢ € QO : ”¢” = 17 d) = (07 g)}

EXNv,j) = wiélcgo (W[ H (v, §)|) ecall X = [-11] xR
= inf inf M) + vo + ]
(0,6)eX |:1/)€M07§ <w‘ 0l¥) o+ j€
(R0 +vo 4 ]
0“’\9%)
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The Levy-Lieb Functional

MO’,f = {¢ € QO : ”¢” = 17 d) = (07 g)}

B.d) = o2 (WH (v, )19 recall X =[-1,1] xR
= inf inf BN + v + i ]
(0,6)eX |:1/)€M07§ <w‘ 0l¥) o+ j€
= it [Ru(.0) +vo+ ]

Levy-Lieb functional F{} : X - R =R U {+oc}

Hi(o.8) = inf (Hg)
&,
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The Universality of the Density-Functional

Po.9= s {B0.j) - vo - je)
(v,j)ER2
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The Universality of the Density-Functional

FMo, &)= su EMv,j)—vo —j F’\a, = inf Tr|H)T
(6= sup {E*0.5) oo - e} Do) = inf T |H)T]
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The Universality of the Density-Functional

FMo, &)= su EMv,j)—vo —j F’\a, = inf Tr|HT
(6= sup {E*0.5) oo - e} Do) = inf T |H)T]

If (0,€) € (—1,1) x R, then
the pair (o, £) is uniquely pure-state v-representable

o
W
&%

Vebjorn H. Bakkestuen Density-Functional Theory Exemplified 20th October 2025 10/16



The Universality of the Density-Functional

FMo, &)= su EMv,j)—vo —j F’\a, = inf Tr|HT
(6= sup {E*0.5) oo - e} Do) = inf T |H)T]

If (0,€) € (—1,1) x R, then
the pair (o, £) is uniquely pure-state v-representable
all functionals agree, i.e.,

FI),\L(Uvg) = FI_)J\((L f) = F)\(va)
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The Universality of the Density-Functional

FMo, &)= su EMv,j)—vo —j F’\a, = inf Tr|HT
(6= sup {E*0.5) oo - e} Do) = inf T |H)T]

If (0,€) € (—1,1) x R, then
the pair (o, £) is uniquely pure-state v-representable
all functionals agree, i.e.,

FI),\L(Uvg) = FI_)J\((L f) = F)\(va)

the universal functional F* is differentiable at (o, ¢), and
(Uaj) = —VF)\(O',f)
&
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Mathematical Interlude

Given a concave functional A — F*, the superdifferential of F* w.r.t. \ is

DFNp) = {f €RIVN €R: F¥(0) S FMp)+ f- (N = ) }

FA(p)
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Mathematical Interlude

Given a concave functional A — F*, the superdifferential of F* w.r.t. \ is

DFNp) = {f €RIVN €R: F¥(0) S FMp)+ f- (N = ) }

A
The generalised Newton—Leibniz formula F2(p)

A
FNp) = Fp)+ [ 7o) dn
0

for any element f2(p) € 9\F*(p)
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The Adiabatic Connection Functional

g (WE:q1*) € DF(0,¢€)
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The Adiabatic Connection Functional

g (WE:q1*) € DF(0,¢€)

FO(0.6)

AN

A w 2 w? 2 * BU5 SlafyH
F (0,€)=§*t -0+ €+ i g (WHo.qvt) du
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The Adiabatic Connection Functional

g (WE:q1*) € DF(0,¢€)

F(0,6)
\ w 2,
Plog) =5~ V1= + e+ [ g
© w? Ng® at [
=~ 1 -2+ 24\ — 1_2_// /Hudd
5 0%+ S8+ Agog — 55 (1 - 07) o7 [, [ P = dadn

D(a.8)

o
W
&%

Vebjorn H. Bakkestuen Density-Functional Theory Exemplified 20th October 2025 12/16



The Adiabatic Connection Functional

g (WE:q1*) € DF(0,¢€)

F(0,6)
\ w 2,
Plog) =5~ V1= + e+ [ g
© w? Ng® at [
=~ 1 -2+ 24\ — 1_2_// /Hudd
5 0%+ S8+ Agog — 55 (1 - 07) o7 [, [ P = dadn

D(a.8)

¢} (¢) the optimisers of F*(c,0)
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The Adiabatic Connection Functional

g (WE:q1*) € DF(0,¢€)

F(0,6)
\ w 2,
Plog) =5~ V1= + e+ [ g
© w? Ng® at [
=~ 1 -2+ 24\ — 1_2_// /Hudd
5 0%+ S8+ Agog — 55 (1 - 07) o7 [, [ P = dadn

D(a.8)

¢} (¢) the optimisers of F*(c,0)

Standard DFT:
A

FNp) =T(p) + AEu(p) + /O (Tr [WF“} - EH(p)) dp o,
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Exchange Energy

Mathematical definition of exchange in DFT [4]

Ex(p) .— lim F)‘(,O) — FO(IO)

—F
A—0t A H(P)
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Exchange Energy

Mathematical definition of exchange in DFT [4]

Ey(p) = lim FA(p) — F°(p)

—F
A—0t A H(P)

Equal to the Levy—Perdew definition [5]
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Exchange Energy

Mathematical definition of exchange in DFT [4]

FXp) = F°(p)

FEy = i —F
(p) = lim, 3 u(p)
Equal to the Levy—Perdew definition [5]
QRabi Ao 6) 0.6)
1 F g, 5 - F g, 6
Ex(0.6) = lim : — D(0,¢)
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Exchange Energy

Mathematical definition of exchange in DFT [4]

FXp) = F°(p)

«(p) := i —F
Ex(p) »= lim_ 3 u(p)
Equal to the Levy—Perdew definition [5]
QRabi Ao 6) 0.6)
1 F g, 5 - F g, 6 _
EX(O'vf) - )\li%l+ A\ - D(Ua 5) =0
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Correlation Energy in QRabi

AE(0,8) = FMNo,6)—F%0,6)—\D(0,€)
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Correlation Energy in QRabi

AE(0,8) = FMNo,6)—F%0,6)—\D(0,€)

g 2
E.(0,§) = — /\ﬁ(l —0%)
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Correlation Energy in QRabi

-2+
AEc(0,€) = FN0,&)—F%(0,£)—AD(0,£) >
v =4
@©
5 64
g2 ) g
EC(U,g):—/\ﬁ(l—U) o
14tg A
—sz/o /RsOi(q)sO‘i(Q)dqdu ]
O
—3 4
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Correlation Energy in QRabi

AE(0,8) = FMNo,6)—F%0,6)—\D(0,€)

2
AL (1-0%)

EC(U7 g) - 2w2

Conjecture [6]:

O\FMp)—Fu(p) > fA(p) +— convexin A
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Conclusions & Outlook

Very explicit form of DFT
Almost explicit adiabatic connection
Non-convex adiabatic-connection integrand

Open questions for Dicke model (N > 2)
Testing regularisation techniques v-representability
Playground for inverse Kohn—Sham Differentiability of Fyp,
Does Iy, = F1.?
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Appendix



The Basic Operators

Quantum Harmonic Oscillator

1

m(aua) and 5:2'\/2@—5)

{%ﬁQ + %262} ") =w[i +n] |p") if [¢") is the nth eigenstate

)

Pauli-operators

o
W
&%
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N-Representability

For any (c,¢) € [—1, 1] x R there exists an admissable wavefunction ¢ such that

(Wlo:y) =0 and  (¢lgly) =

Proof by construction:

_ () &)Y (- rS) _ ., jlxo
/IZ)(Q)_ <C> \/;6 2 C+ = 2 :

o
W
&%
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Properties of the QRabi Universal Functional
For every (0,&) € [—1,1] x R and any optimiser ¢ of F11,(o, &), the following hold
1 F(0,§) = F(—0,=¢).
2 Forany ( € R, FN0,& +¢) = FX(0,6) + (£ + §) + Aga,
for ¢ = 0, FN0,€) = F*(0,0) + Ago€ + 4-¢2
3 1 can always be chosen real and non-negative in both components ().
4 Any optimiser ¢ of F11,(o,0) satisfies the virial relation

1 2
/ (2’1#'!2 - C;q2l¢l2> dg = g/Q|¢+|2dq-

5 For any optimiser
20 . 2 __275// g(1=0%) &1 +o0)
[atoslPag=¢— [aw-PPag=-2 [wiwag- 25704 S0

6 Any optimiser satisfies the bound [ ¢’/ ¢_ dg < ‘g—j(l —0?). S,
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A Lieb—-Oxford Bound for QRabi

The correlation energy satisfies the Lieb—Oxford-type bound

A /\292 2
02 AE(0) 2 =55 (1~ ).

o
W
&%
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Approximate Correlation for QRabi
4] [wonu

For o € [—1, 1] the non-explicit correlation functional is of the approximate form

Po) mw e D[ /alh 0F = o7 - /a0 - 1]

Here a and b are functions of the parameters X andt.

Conjecture

o
W
&%
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Non-Explicit Correlation for QRabi

1.0

0.8 1
3 0.6 1
/<
~ 0.4 4

0.2 1

0.0 H

1 1 1 1 1
—1.0 —0.5 0.0 0.5 1.0
O,
o &%
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The Coupling-Strength Density Functional

LN LN N . N
T — —_— 2 0 = — v =
T = 2Zvrj w 2ZZ’I'J—I'I§| > ()
Jj=1 J=1 k#j Jj=1
ENw) = inf ([T + N + Vo) FA(p) = sup { EX(v) - (v, p) }
F\ (p) = inf (@[T + AW|y) F(p) = inf Tr[(f—&— )\W)F]
P—p T'—p

If p € L' N L3, then FA(p) = FA(p) < F\(p)

o
W
&%
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