
Rigorous Kohn–Sham
Inversion for Solids
Towards Reliable Exchange-Correlation Potentials

Vebjørn H. Bakkestuen



Acknowledgements
M. Herbst,1 M. Penz,2,3,4 V. Falmår,4 and A. Laestadius4,5

RεGAL

Vebjørn H. Bakkestuen Rigorous Kohn–Sham Inversion for Solids February 26th, 2026 1 / 13

1 Mathematics for Materials Modelling, Institute of Mathematics and
Institute of Materials, EPFL, Lausanne, Switzerland

2 Arnold Sommerfeld Centre for Theoretical Physics, LMU and Munich
Center for Quantum Science and Technology, Germany

3 MPI for the Structure and Dynamics of Matter and Center for
Free-Electron Laser Science, Hamburg, Germany

4 Department of Computer Science, Oslo Metropolitan University

5 Hylleraas Centre for Quantum Molecular Sciences, University of Oslo

Funded under ERC StG No. 101041487 REGAL



Outline
1 Preliminaries

The Inverse Kohn–Sham Problem
The Periodic Setting
Moreau–Yosida Regularisation

2 The Inversion Scheme
The Guiding Functional
The Exchange-Correlation Potential
The Inversion Algorithm
A Numerical Example
Error Bounds

3 Conclusions

Vebjørn H. Bakkestuen Rigorous Kohn–Sham Inversion for Solids February 26th, 2026 2 / 13



The Inverse Kohn–Sham Problem

ρgs

Interacting electrons
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2
∑
j

∇2
j +

∑
k<j

w(rj − rk) +
∑
j

vext(rj)

Non-interacting electrons (KS system)

−1
2
∑
j

∇2
j +

∑
j

[vext(rj) + vH(rj) + vxc(rj)]

The inverse problem: Given a ρgs(r), what is vxc(r)?
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The Periodic Setting
Densities ρ ∈ Xaff
Potentials v ∈ X ∗

∥ρ∥2
Xaff

=
∑
G̸=0

|ρ̂G|2

|G|2
∥v∥2

X ∗ =
∑
G̸=0

|G|2|v̂G|2

The duality mapping J : Xaff → X ∗,

J [ρ](r) =
∑
G̸=0

1
|G|2

ρ̂GeG(r)

EH(ρ) = 1
2∥ρ∥

2
Xaff
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homogeneous periodic Sobolev spaces
(Hilbert spaces)

1



Moreau–Yosida Regularisation
Let F : Xaff → R ∪ {+∞} be proper, convex, and lower semicontinous.
For ε > 0, the Moreau–Yosida regularisation is

Fε(ρ) = inf
σ∈Xaff

{
F(σ) + 1

2ε∥σ − ρ∥2
X

}

Unique optimiser: the proximal point

prox
εF

(ρ) = argmin
σ∈Xaff

{
F(σ) + 1

2ε∥σ − ρ∥2
X

}
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The Inversion Scheme
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The Guiding Functional
Goal: Given ρgs, determine vxc

F(ρ) = T (ρ) + EH(ρ) +
∫

Ω

vext(r)ρ(r) dr

Minimise E(ρ; ρgs) = F(ρ) + 1
2ε∥ρ− ρgs∥2

X

ρε(r) = prox
εF

(ρgs)(r) vεxc(r) = 1
ε
J(ρε − ρgs)(r)

vxc(r) = lim
ε→0+

vεxc(r) = lim
ε→0+

1
ε
J(ρε − ρgs)(r)

Penz et al. Electron. Struct. 5, 014009 (2023)
Herbst et al. Phys. Rev. B 111, 205143 (2025)
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The Inversion Algorithm
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vxc ρgs

ρ̃gs = ρgs +∆ρ

ρ̃εgs = argminρ E(ρ; ρ̃gs)

ṽεxc =
1
εJ(ρ̃

ε
gs − ρ̃gs)

lim
ε→0+

ṽεxc lim
ε→0+

ρ̃εgs
extrapolate numerically

co
m

pa
re

com
pare

Planewave KS-DFT:

Φ = (φ1, . . . , φN )

Minimise E(Φ; ρgs)

ρΦ(r) =
N∑
i=1

|φj(r)|2



Bulk Silicon
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Implementation: github.com/mfherbst/supporting-my-inversion [3]

https://github.com/mfherbst/supporting-my-inversion


Convergence
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Error Bounds
The proximal mapping is non-expansive,∥∥∥∥prox

εF
(ρ) − prox

εF
(ρ̃)

∥∥∥∥
X
≤ ∥ρ− ρ̃∥X , ∀ρ, ρ̃ ∈ Xaff

Consider inexact references:
ρ̃gs = ρgs + ∆ρ

The total error

∥vxc − ṽεxc∥X ∗ ≤ ∥vxc − vεxc∥X ∗ + ∥vεxc − ṽεxc∥X ∗

≤ ∥vxc − vεxc∥X ∗ + 1
ε
∥∆ρ∥X

Herbst et al. Phys. Rev. B 111, 205143 (2025)
Bakkestuen et al. In preparation (2026)
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Bulk Silicon
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Conclusions
Mathematically rigorous inversion scheme
Offers error estimates
Practical use case of Moreau–Yosida regularisation

Outlook
More complicated systems
Molecular systems
Reference densities from other sources
Further error analysis
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