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The Inverse Kohn—-Sham Problem

Interacting electrons

_% Z V? + Zw(rj — I'k) + Z'Uext(rj)

k<j J

N

Pgs

Non-interacting electrons (KS system)

LS TS ) + () + )]

N

The inverse problem: — Given a pys(r), what is vy (r)?
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The Periodic Setting

Densities p € X5
Potentials v € X™*

~ 12
2 ‘PG‘
el = 3 (G0

G+£0

The duality mapping J : X.g — X,

Jlelr) =)

Eu(p) = !
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homogeneous periodic Sobolev spaces
(Hilbert spaces)
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Moreau-Yosida Regularisation

Let F: Xag — RU {+00} be proper, convex, and lower semicontinous.
For ¢ > 0, the Moreau—Yosida regularisation is

. 1
o) = ing {70+ 5llo - i3}
Unique optimiser: the proximal point

1
prox(s) = argmin { F(o) + 5o — ol |
eF oEX g 2e
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The Inversion Scheme
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The Guiding Functional

Goal: Given p,, determine vy,

Flp) = T(p)+ Bulp) + [ vea(w)pe)dr

L 1
Minimise  &(p; pes) = F(p) + 5_lIp = pasl

P () = prox (o)) () = T ~ pe)(r)

belr) = Tim 05, (x) = lim ~J(p° — pgo)(x)

e—0t e—0t €
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The Inversion Algorithm

":j Vs Pas Planewave KS-DFT:
é ~ (b:(@l’?SON)
: Pgs = Pgs + Ap

o/ ) 19 Minimise  &(®; pgs)

R (s — in_ E(p; Pes) B

E pgs _ argmlnp Ps Pgs 8 N
o 8% I} H= pa(r) =Y |p;(r)l?
= k - - _ 5 i=1
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Bulk Silicon
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Implementation: github.com/mfherbst/supporting-my-inversion
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https://github.com/mfherbst/supporting-my-inversion

Convergence
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Error Bounds

The proximal mapping is non-expansive,

prox(p) —prox(p)|| < [lp = Pl
eF eF X
Consider inexact references:
Pes = Pgs +Ap

The total error

Vp, ﬁ € Xast

[oxe = Oxellar < lloxe = Viellaer 4 105 = Pxcll

1
< lloxe = vxellae- + Zl1Aollx

Herbst et al. Phys. Rev. B 111, 205143 (2025)
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Bulk Silicon

| —— 2], =0 —— | Ap], = 2.7 x 107
| —— [ A4, = 3.3 % 1077 —e— | Apl, — 4.6 x 107"

e[ Ap], =70 x 107" ——[Ap|, =15 x 107"
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Conclusions

Mathematically rigorous inversion scheme
Offers error estimates
Practical use case of Moreau—Yosida regularisation

Outlook

More complicated systems

Molecular systems

Reference densities from other sources
Further error analysis
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