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Density-Functional Theory

~ 1
__2§]:v§ Zm_rk’ Ejjv(rj)

Hy
B(v) = inf (4|H|y) F(p) = sup {E(v) = (v, p)}
= inf {F(p) + (v, p)} = rigfpﬂﬁoF

v p) = [ oe)ple) dr
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The Inverse Kohn—-Sham Problem

Interacting electrons

_% Z V? + Zw(rj — I'k) + Z'Uext(rj)

k<j J

N

Pgs

Non-interacting electrons (KS system)

LS TS ) + () + )]

N

The inverse problem: — Given a pys(r), what is vy (r)?
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The Inverse Kohn—-Sham Problem

Given a p,s, determine vy,
experiments
quantum Monte-Carlo

Pgs FCI
coupled-cluster

Better understanding of F(p)

Novel approximations to F'(p) others
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Previous Inversion Schemes

1994: van Leeuwen and Baerends
vre(r) = p /() £ 1012 ()

1994: Zhao, Morrison, and Parr (ZMP)
AN /
VUge = lim )\/ —p(r) po(r’) dr’

A——+o0 lr — r/|

2003: Wu and Yang

VKS (I') = Uext + UO + Z btgt

van Leeuwen and Baerends Phys. Rev. A 49, 2421 (1994)

Zhao, Morrison, and Parr Phys. Rev. A 50, 2138 (1994)

Wu and Yang J. Chem. Phys. 118, 2498-2509 (2003)
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Moreau-Yosida Regularisation

Assumption

A density space X is a strictly convex and reflexive real Banach space that
contains Zy, and the dual space X*, the space of potentials, is strictly convex.

The functional F' is proper, convex, and lower semicontinuous (I.s.c.) with respect
to the topology of X.

Definition

Let X be uniformly convex and F' : X — R U {400} convex and l.s.c. functional.
For some ¢ > 0, the Moreau—Yosida reqularisation of F' is

. 2

F(p) = inf {F(o)+ £l - pl%}.
oeX o
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The Proximal Point

Lemma

If X and F satisfy Assumption, then for every p € X and e > 0 there exists a
unique minimiser p* € X of F(0) + 5=|lo — p|/%-
Definition
The proximal mapping IT; : X — X is defined as
£ : 1
IT5(p) = argmin 4 F(0) + —[lo = pll%
oeX €

and I1%(p) is referred to as the proximal point or proximal density.
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A Lossless Regularisation
E*(v) = inf {F(p) + (v, )}

peX

E*(v) = E(v) — _|lvlf}-

Consequence of infimal convolution

E(concave) «+» F'(convex)
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Inversion Scheme

2 Inversion Scheme
Model Setting
Exchange-Correlation Potential
The Inversion Algorithm
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Periodic Systems

a0 1
X = per('Q C) X" per('Q C) O . o . Q

1 O pu R
Periodic Sobolev spaces .O..o‘
lullfs., = (1 +IGP)ic

G
The duality mapping J : X — X*,

r) — ﬁGeG(r) _ « r) — p(X) ef|rfx\ x
() = SR8 = @) = [ B e

Canceés, Chakir, and Maday ESAIM: M2AN 46, 341-388 (2012) 122,
o° %

Herbst, Bakkestuen, Laestadius Phys. Rev. B 111, 205143 (2025)
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The Periodic Setting |

The Poisson equation

o) = 3 —hgea(r) — Hlpom(@) = HL(Q)/R

The space of potentials:

X' ={v:v €] € Hyppom(Q), fa=o =0} [[vlye = [> IGF[Oc)
G#0

The space of densities:

i {74 f e @) ol = -] =

Bakkestuen et al. In preparation (2026)
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The Periodic Setting Il

~ 12
2 \PG\ 2 21~ 12 2
HPHXaH = Z G2 ol = Z G| [ve|” = HVUHLQ(Q)
&0 |Gl G0

The duality mapping J : X.g — X,
1

Jpl(r) = )  —spcea(r)

L2
Eu(p) = 5 lollx,q
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Model Functional
Recall 1
Hys = =5 Z Vit Z [Vexct (15) + vr(r5) + Uxe(1;)]
¥ J

FiX pgs € Xap and

Fp) = T(p) + Eulp) + /Q Vext (£)p(r)

Minimise
E(pipgs) = F(p) + £lp— pesll over pe Xug

Unique minimiser, the proximal density:

p° = argmin &(p, pgs)
peXaﬁ

Barbu and Precubanu, Convexity and Optimization in Banach Spaces (2012)
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The Exchange-Correlation Potential
Since F=(p) is differentiable,

SF¢ 1
e = — 5 [p°] = gJ[p‘g — Pgs]

Exchange-correlation potential

1
I T e __ 1: - £ _
Uxe(r) = lm vg, = lim —J[p" — pg] (x)

Sete=1/\

pl/)\ (X) — pgs(x)
4r|r — x|

dx

ve(r) = lim AJ[pY* — pgl](r) = /R

Penz et al. Electron. Struct. 5, 014009 (2023)
Herbst, Bakkestuen, Laestadius Phys. Rev. B 111, 205143 (2025)
Bakkestuen et al. In preparation (2026)
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The Inversion Algorithm

= Planewave KS-DFT:
© Uxc Pgs
é ~ (b:(@l’?SON)
: Pgs = Pgs + Ap

o/ ) 19 Minimise  &(®; pgs)

R (s — in_ E(p; Pes) B

E pgs _ argmlnp Ps Pgs 8 N
o 8% I} i3 pa(r) = ; s (x)|”
S [ =10 — e
- e v et

T DFITK

|

: e—0t e—0+
I o
___________________ o"’\'%)
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Results

3 Results
Bulk Materials
Error Bounds
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UXC(r)

Relative error

Gallium Arsenide
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Relative error

Sodium Chloride
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Convergence

—2 1 1

10° 10

Vebjorn H. Bakkestuen

A Moreau-Yosida-Based Kohn—Sham Inversion Scheme

May 19th, 2026

20/29



Choice of Guiding Functional
Fora >0, 8,v € R:

faﬁ’y(p) T( )+ aEH( )+6< [pgs} >+’7<Uexta P>

Set u = > 0, then

m
35 2 _
H}—aﬁ-f‘/ (P) = H.l;:a/ﬁ/ﬂ/ (gp - ,U,(B - B/)pgs - /1’('7 - ’)/)J 1(Uext)>

The term 1.J(p° — pgs) targets as e — 0F
the full KS potential if (o, 8,7v) = (0,0,0),
the Hartree-exchange-correlation potential if (a, 8,7) = (0,0,1), and
the exchange-correlation potential if (o, 8,7v) = (1,0,1) or (0,1, 1).
&%
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Choice of Guiding Functional

10

< 10
1o
QL 10
=

F—*%—a=0,=0,y=1 —¢—a=1,0="0r3
—>—a=0,=1,vy=1 —¢—a=1,p=0,vy=0
f—*—a=1,03=0,y=11—%—a=1,3=0,y=0
—%—a0=0,=1,v=0 —%—a=0,=0,vy=0

o T S " N B oy
0-0-0-oi.=:\?!0~.‘,
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Error Bounds

The proximal mapping is non-expansive,

IME(p) = Mp(o)lly < llp = olly, Voo €H
exp. noise

Inexact density: change of basis

Pes = Pgs + Ap truncations

poor convergence
The total error

etc.
[0xe = VSellan < Mloxe = vxell e + 105 — Vkell 2
1
< llxe = viellae- + Zl1Aollx
Herbst, Bakkestuen, Laestadius Phys. Rev. B 111, 205143 (2025) 06394@

Bakkestuen et al. In preparation (2026)
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Non-Expansiveness of I15.(p) T
Pgs - pgs X

Hpgs - ﬁZSHX < Hpgs - 5gS||X = HAPHX Q:(Ap) = A
PHX

10° |
= g0t t
\<lm —— A, =27 x 107"
o ——[Ap, =33 x 107
—— A, =46 x 107"
—— A, =70x 107
102 F e [ A, = 15x 107"
' = = = = = 5 .9
10° 107! 1072 107 107 107" 10° &%,

=
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Error Bounds: Inexact Densities
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Conclusions

Mathematically rigorous inversion scheme
Rigorous error estimates
Practical use case of Moreau—Yosida regularisation

First systems studied: Si, GaAs, KCI, NaCl
Implemented using DFTK. j1 @ D FT K

Outlook

More complicated systems

Reference densities from other sources
Further error analysis

Investigate proximal point algorithms
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