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Density-Functional Theory |

The N-body electronic Hamiltonian:

N
H0) =T +\W +V Hy = \ Ha

n=1

Ao — 73N _ - 71T,
Bw) = b W) = it T+ AW+ V)

= inf TrH*(v)I
I'eDy

Wy = {l) € QUE) < Hy + [l =1, (WITw) < +oo}
Dy = {r € Gy (Hy): TT € Gy(Hy), TT = >0, TtT = 1}
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Density-Functional Theory Il
F—sp = p(r) :N/F(r,rQ,...,rN;r,rg,...,rN)drg...drN
Recall: If " € Dy is pure, then TrI?2 =1 <= "= |[¢)v] for [¢) € Wy
W) — p = p(r) :N/|¢(r,r2,...,rN)|2dr2...drN
Following Lieb'
Iy = {,0: Vp € HY, p(r) > o,/p(r)dr:N} crL'nr?

Any Iy 3 p < |¢p) € Wi
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'Lieb, E. H. Int. J. Quantum Chem. 24, 243-277 (1983).
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Density-Functional Theory lii

A _ A s A
Bw) = inf T = inf {F o)+ (0. 0)}

F)Mp) = inf Tr[(f + )\W)F] +— mixed-state constrained-search functional
—p

F (p) = rlgfp (|T + A\W|p) +— pure-state constrained-search functional

Fp) = sup {EA(U) — (v, p>} +— Legendre-Fenchel transform
veEX™

FMp) < F)(p) < Fy(p)  VYpeX

EMw) = inf {Fp)+ (v, )} = inf {F2(p) + (v, p) } = int { L)+ (v, )}

(o)
Vv
peX peX pEX %,
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Quantum Electrodynamical DFT

2 QEDFT
The Quantum Rabi Model
A Hohenberg—Kohn Theorem
The Universal Functional
The Adiabatic Connection
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The Quantum Rabi Model

5 H ~ L*(R,C?)
aa_ lo Wiy ~
Hy = o+ 5 + Ago.q — toy
B v,j)=H} +ve.+j56 N oo T — b4
/ - w ik
veR JER 1
------ R

o= (Y[o:|v) € [-1,1]
§:= (Ylgly) eR R (0 1>’ aZ:<1 0>

Oy =
“Density space”: [-1,1] x R 1o 0 -1

Bakkestuen et al. J. Phys. Chem. A 129, 2337-2360 (2025)
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A Hohenberg—Kohn Theorem
Theorem (Weak HK)

Suppose that [v1) , [1)2) € Qo are ground states of H(vq, j1) and H (vs, j2), respect-
ively. If both |11) , [12) — (0, &), then |12) is a ground state of H (v, j1) and |1)1) is
a ground state of H (vg, j2).

What about the usual formulation?
The density p uniquely determines the potential v up to an additive constant.
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The Dicke Model

~ 1.

H = 57’ —q —Zta —i—Z/\g]qa ag:1®---®1®&®1®--~®1,
jth
. _
Uw:(dl,...,UN) , UJ=<¢|U§|¢>

Theorem (Strong HK)

Any (0,€) € Ry x R that is the density pair of a ground state uniquely determines
an external pair (v, j) € RN*1. That is, the mapping

RY xR 3 (v,j) — (6,6) € Ry xR
is an injection.

O,
N
&%,
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Regular Densities

A vector o € [—1,1]" is regular if for every normalised x € RiN with (x|52]x) = o,
all {x,olx,...,6Yx} arelinearly independent.

Ry: set of all regular o.
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N-Representability

In : (0,5) S [—1,1] x R

Proof: pick ¢(q) = < \%f‘;) %e’%(q’@Q, then ¢ — (o, &)

Constraint manifold:

Mo‘,{ = {’l/] € QO : H’I/JH = 17 Oy = 0, fw = g}

(¢)
vV
& %
Vebjorn H. Bakkestuen
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The Constrained-Search Functional

E? i) = inf or 1 — inf A .
(v,7) nf ([H (v, j) ) (o,g)el[r—ll,l]xR[ A (0,8) +vo + jE

2 — inf Hp
t(o,€) weljf\l/la’g (V[Hg )
Theorem
For every density pair (c,&) € (—1,1) x R there exists a unique real-valued and
strictly positive optimizer 1)) € M, ¢ of Fyy(o,§) that is the (non-degenerate)
ground-state solution of H*(v, j) |) = E*(v, §) )
unigue pure-state v-representability for (0,¢) € (=1,1) x R

FI_)/\L(Uvé) = Fﬁ\(az f) = F)\(Gvf) V(U,ﬁ) € (_17 1) x R
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Superdifferentiability

Let g : X — RU{—oc} be a proper, concave, and upper semicontinuous functional

dg(x) ={z" € X* 1 g(z) + (2", y — x) > g(y), Yy € X}
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A Generalised Newton-Leibniz Formula

Letg: R — R.
Suppose that [a, b] is contained in the interior of dom g.

Then for any g(z) € dg(x),

b
o(b) = g(a) + / o) da.
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The Adiabatic Connection Functional

g (WE:q1*) € DF(0,¢€)

F(0,6)
\ w 2,
Plog) =5~ V1= + e+ [ g
© w? Ng® at [
=~ 1 -2+ 24\ — 1_2_// /Hudd
5 0%+ S8+ Agog — 55 (1 - 07) o7 [, [ P = dadn

D(a.8)

¢} (¢) the optimisers of F*(c,0)

Standard DFT:
A

FNp) =T(p) + AEu(p) + /O (Tr [WF“} - EH(p)) dp o,
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Correlation Energy in QRabi
)\E?(O’,f) = F/\(U7 5)_F0(07€)_)‘D(0a5)

2

g
EXNo, &) = — )\—%2 (1-0?%) + 1 o)
4tg [P .
o) = _2/ /gpfiw_ dgdp.
w™ Jo

Conjecture in standard DFT [3]:

ONFMp)—Fu(p) 3 fA(p) <«— convexin A
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Non-Explicit Correlation '’

0.8
242 0.6
0< o)< 2% 3
w

Conijecture:

(1 —02).

-1.0

— 5=00
---- 0=04

-
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Kohn-Sham Inversion

3 Kohn-Sham Inversion
The Periodic Setting
Moreau—Yosida Regularisation
The Inversion Algorithm
A Numerical Example
Error Bounds
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The Inverse Kohn—-Sham Problem

Interacting electrons

_% Z V? + Zw(rj — I'k) + Z'Uext(rj)

k<j J

N

Pgs

Non-interacting electrons (KS system)

LS TS ) + () + )]

N

The inverse problem: — Given a pys(r), what is vy (r)?
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The Periodic Setting

Densities p € X5 homogeneous periodic Sobolev spaces
Potentials v € X™* (Hilbert spaces)
~ 12
2 12l 2 ~
ol = > GP oll3e = Y 1GPfial = V0]l 12
G0 G#0

The duality mapping J : X.g — X,

o) = 3 mhacaly

L2
En(p) = 5lpllx,,

Bakkestuen et al. In preparation (2026)
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Moreau-Yosida Regularisation

Let F: Xag — RU {+00} be proper, convex, and lower semicontinous.
For ¢ > 0, the Moreau—Yosida regularisation is

)= g {F0)+ o - ol

oEX
Unique optimiser: the proximal point

1
prox(s) = argmin { F(o) + 5o — ol |
eF oEX g 2e
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The Guiding Functional

Goal: Given p,, determine vy,

Flp) = T(p)+ Bulp) + [ vea(w)pe)dr

. . . 1
Minimise  &(p; pes) = F(p) + 27:HP - Pgngc

p7(r) = prox (pgs)(r) Vse(r) = éJ (" = pgs)(r)

eF

belr) = Tim 05, () = lim 2 J(p° — pgo)(x)

e—0t e—0t €

Penz et al. Electron. Struct. 5, 014009 (2023)

Herbst, Bakkestuen, Laestadius Phys. Rev. B 111, 205143 (2025)

Bakkestuen et al. In preparation (2026)
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The Inversion Algorithm

= Planewave KS-DFT:
© Uxc Pgs
é ~ (b:(@l’?SON)
: Pgs = Pgs + Ap

o/ ) 19 Minimise  &(®; pgs)

R (s — in_ E(p; Pes) B

E pgs _ argmlnp Ps Pgs 8 N
o 8% I} i3 pa(r) = ; s (x)|”
S [ =10 — e
- e v et

T DFITK

|

: e—0t e—0+
I o
___________________ o"’\'%)
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/UXC ( r)

Relative error

Bulk Silicon

=56 x 10*j e=10x 10*‘71 e—18x107°
e=56x10" e=10x10" oSi . ‘ — ~ Uxc

o o
S =
T T

i
O (001) o' 110) o" Si (111) Si O

Implementation: github.com/vebjorhb/MY-periodic-inversion o
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https://github.com/vebjorhb/MY-periodic-inversion

Sodium Chloride
@Na e=56x10"" e=10x10"" e—18x10"
eCl e=56x10_" e=10x10" -—-
0.00 !
o —0.25 +
5 —0.50 |
S 075 F
~1.00

5. b e

Relative error
—_
o

| |

| | |

o S | |
Na  (001) Na (110) Na (111) Na
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Convergence

" —

o T S o N
AV s Ve s nva .,

10
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Error Bounds

The proximal mapping is non-expansive,

< Hp_ﬁHXJ vl),ﬁe Xaff
X

prox(p) — prox(p)
eF eF

Consider inexact references:
Pes = Pgs +Ap
The total error
[vxe = Vxellas < llvxe = Vel + 1Uxe — V5l o

1
< lloxe = vxellae- + Zl1Aollx

Herbst, Bakkestuen, Laestadius Phys. Rev. B 111, 205143 (2025) 06394@
Bakkestuen et al. In preparation (2026)
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10

1

Bulk Silicon

| —— 2], =0 —— | Ap], = 2.7 x 107
| —— [ A4, = 3.3 % 1077 —e— | Apl, — 4.6 x 107"

e[ Ap], =70 x 107" ——[Ap|, =15 x 107"

10 10
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Summary
QEDFT for the Quantum Rabi model
Almost explicit DFT

lllustrates central ideas in DFT without approximations
Kohn-Sham Inversion

Mathematically rigorous inversion scheme

Offers error estimates

Practical use case of Moreau—Yosida regularisation

o
W
&%

Vebjorn H. Bakkestuen Mathematical and Theoretical Aspects of Density-Functional Theory May 11th, 2026 29/30



References

1.

Lieb, E. H. Density Functionals for Coulomb-Systems. Int. J. Quantum Chem.
24, 243-277 (1983).

Bakkestuen, V. H. et al. Quantum-Electrodynamical Density-Functional Theory
Exemplified by the Quantum Rabi Model. J. Phys. Chem. A 129, 2337-2360
(2025).

Crisostomo, S. et al. Seven useful questions in density functional theory. Lett.
Math. Phys. 113, 42 (2023).

Penz, M., Csirik, M. A. & Laestadius, A. Density-potential inversion from
Moreau—Yosida regularization. Electron. Struct. 5, 014009 (2023).

Herbst, M. F., Bakkestuen, V. H. & Laestadius, A. Kohn-Sham inversion with
mathematical guarantees. Phys. Rev. B 111, 205143 (May 2025).

Bakkestuen, V. H., Penz, M., Falmar, V., Herbst, M. F. & Laestadius, A.
Moreau—Yosida-Based Kohn—Sham Inversion for Periodic Systems. In
preparation. (2026).

o
W
&%

Vebjorn H. Bakkestuen Mathematical and Theoretical Aspects of Density-Functional Theory May 11th, 2026 30/30


https://zenodo.org/doi/10.5281/zenodo.14894065

Thank you for your attention!

Vebjorn H. Bakkestuen

OSLO METROPOLITAN UNIVERSITY
STORBYUNIVERSITETET

< vebjorn.bakkestuen@oslomet.no


mailto:vebjorn.bakkestuen@oslomet.no

	Density-Functional Theory
	QEDFT
	The Quantum Rabi Model
	A Hohenberg–Kohn Theorem
	The Universal Functional
	The Adiabatic Connection

	Kohn–Sham Inversion
	The Periodic Setting
	Moreau–Yosida Regularisation
	The Inversion Algorithm
	A Numerical Example
	Error Bounds

	Summary

